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ABSTRACT
A model is developed to examine the growthrates of salt fingers
under supercritical
stratified

conditions.

Solutions valid in a linearly

Boussinesq fluid are derived which include complete depend-

ence on the Prandtl number and diffussivity
comparison with data in both the heat-salt

ratio,

to allow

arid sugar-salt

It is found that the finger amplitudes cane-fold

within one local

II.
1a perio
d in much of the main thermo-halo-cline
•
Brunt - Va1sa
11

11

world ocean, with significantly

experiments.

of the

faster growthrates realized in waters

I

with higher salinity

gradients.

It is also found that the ratio of the

density flux of heat to the density flux of salt (flux ratio=
of the fastest

growing fingers agrees with the experimental data of

Turner (1967) for heat-salt

fingers(y = 0.56) and the data of Lambert

and Demenkow
(1972) for sugar-salt
first

y)

fingers ..(y =0.9).

This is the

model to successfully explain the variation of the flux ratio in

these two systems, where the Prandtl number and diffusivity

ratio

differ by two orders of magnitude.
A discrepancy exists,

however, in the heat-salt

case, between

Turner and Linden (1971), who estimates y =0.12. Also, Stern (1976)
has developed a theory which maximized the buoyancy flux, finding
y =0.25.

In order to resolve these differences,

layer heat-salt

a series of two

experiments were performed in a one meter deep insulated
..

tank.

The flux measurements reveal variations

suggest that the fingers may realize different

in the flux ratio which
regimes, depending

primarily on the stability

ratio,

a~T/S~S = R. The flux ratio is

about 0.6 for R<4 and decreases to 0.3 for R>6. This may help explain
the differences between Turner 1 s_and Linden1 s results.
Additional data reveals that the ratio of the salt fT~x to
the product of viscosity and local density gradient due to
temperature is about one.
instability

This result supports the collective

model of Stern (1969), which provided a mechanismfor the

breakdown of the fingers and the limitation
thickness.

Also, the dependence of the salt flux on the 4/3 power

of the salinity
coefficient

of the finger interface

difference across the interface

is confirmed.

The

pf the power law as a function of R is determined, allowing

the calculation

of the salt flux to within 15%. This should be useful

in assessing the role of salt fingers in the vertical

mixing

of the ocean.
As a further test of the collective
experiments were done on sugar-salt
frame.

instability

model of Stern,

-

fingers in a rotating reference

It is found that the rotating finger interface

is slightly

thicker than the interface in the equivalent non-rotating experiment.
A calculation of the neutral stability

conditions in the rotating

case is made by including the Coriolis acceleration
instability

model. Rotation is found to stabilize

in the collective
the fingers,

result consistent with the observation of a thicker interface
rotating frame.

a
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PREFACE
This dissertation

is prepared in accordance with the manuscript

plan of the University of Rhode Island.

It consists of three

manuscripts and two appendices, describing theoretical
work on salt fingers.

Salt fingers are double - diffusive phenomena

that occur in a stably stratified
salinity

decrease with depth.

strong to stabilize

and laboratory

ocean when both temperature and
The temperature gradient is sufficiently

the distribution

of salt on a large scale; but on

a small scale, (centimeters) the greater rate of heat conduction over
salt diffusion allows near thermal equilibrium to occur in adjacent
water parcels which can still
salinity

variations

retain salinity

differences.

These

are the driving mechanismfor the convection in

the long, narrow fingers.
Manuscript I, a theoretical
in an unbounded fluid,

study of the growth of salt fingers

provides an introduction to the salt finger

problem. It has been submitted to Deep-Sea Resarch.

Manuscript II

is an experimental study of the fluxes due to salt fingers on an
interface between two mixed layers and was also prepared in the
format of Deep-Sea Research.

Manuscript III is a theoretical

and

experimental study of the effects of rotation on salt fingers.
it actua 1ly predates the other work, but because it is a "higher order"
problem, it is best read after the other two. It has been submitted
to the Journal of Fluid Mechanics, reviewed, and recently resubmitted.
Appendix I contains a description of the circuitry

of the conductivity

probe, developed by the author in order to perform the experiments
iv

described in Manuscript II.

Appendix II contains a list

notation used in the dissertation.
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l

CRITICAL
SALTFINGERS

2

Abstract
An expression for the growthrate of super-critical
derived from similarity
tions.

salt fingers is

solutions to the Boussinesq governing equa-

It is found that the fastest
II

II

growing fingers have an e-folding

II

time of about one Brunt-Vaisala period in the "Central Waters" of the
world's oceans, with faster growthrates realized in water masses with
larger salinity

gradients,

such as below the Mediterranean outflow.

This rapid growthrate supports the notion that salt fingers must be
nearly ubiquitous in the main thermo-halo-cline of the ocean.
The flux ratio and wavenumberof the fastest
also computed, with the explicit
diffusivity

ratio retained.

growing fingers are

dependence on Prandtl number and

The wavenumberof the fastest

growing

fingers agrees with the oceanic observations of Magnell (1976), and the
flux ratio agrees well with the experimental data of Turner (1967) for
heat and salt,

as well as the data of Stern and Turner (1969) and

Lambert and Demenkow(1972) for sugar and salt.

The good agreement in

systems having two orders of magnitude difference in Prandtl number
and diffusivity

ratio suggests that time dependent effects must play an

important role in the dynamics of salt finger convection.

3

1.

Introduction
The importance of the salt-fingering

process in mixing the ocean's

thermocline is becoming increasingly apparent; the recent work of
Williams (1975) and Magnell (1976) has demonstrated their existence in
the ocean, and Lambert and Sturges (1977) have shown that the vertical
salt transport due to fingers is a dominant term in the salt budget of
the Northeast Caribbean Sea.

Laboratory studies (Turner, 1967) have

shown that fingers can quickly establish
and salt,

large vertical

but the growthrate of fingers to be expected under oceanic

conditions is not generally known. To remedy this,
the fastest

growing fingers,

thee-folding
II

the growthrates of

in finite amplitude similarity

to the Boussinesq governing equations, are derived.
II

fluxes of heat

solutions

It is shownthat

time of the fingers is of the order of the local
II

Brunt-Vaisala period in the
regions of higher salinity

Central Water11 and shorter than this in

11

gradients such as below the Mediterranean

out fl ow.
Other properties of the fastest-growing fingers are also derived,
including the finger width and the ratio of the heat and salt density
fluxes.

This flux ratio is of special interest

mental studies of heat-salt

because the two experi-

fingers to date have determined different

values of the flux ratio (y).

Turner (1967) and Linden (1973) agree on

the value of the salt flux (within± 20%) but not on the heat flux Turner finding y

= 0.56 ± .02

and Linden reporting y

= 0.12

~

.02.

A

knowledge of the flux ratio would allow Lambert and Sturges (1977) to
estimate the effects of fingers on the heat budget, and y also determines whether salt fingers will be visible in the optical system of

4
Williams (1975).

(y sets the relative

contributions

of heat and salt

to the density perturbation within the finger; it can happen that their
contributions

to the index of refraction

fingers invisible).

may cancel, rendering the

The flux ratio is also closely related to the

finger width; the disparity

between the spectral model of Huppert and

Linden (1976) and the oceanic measurements of Magnell (1976) can be
largely ascribed to differences

in y.

Thus the flux ratio is of practical
but it is also of interest

importance to the oceanographer,

to the laboratory worker and the theoretician

trying to model the salt finger phenomenon. The variation of the flux
I

ratio with the properties of the diffusing substances is important,
because fingers are more easily studied in the laboratory using solutes
of slightly

different

diffusivities.

flux ratio is different

In the case of sugar and salt the

from the heat-salt

case, with several experi-

menters (Stern and Turner, 1969; Lambert and Demenkow,1972) finding
y

~

0.9.

The fastest

growing fingers in the present model are found to

have a flux ratio close to that realized experimentally in the two
different

regimes.

This represents the first

the variation of y with the diffusivity

successful explanation of

ratio (Lewis number T

= KT/Ks)

and Prandtl number.
The advantages of using the similarity
methods of previous investigators

solutions compared with the

will be discussed in section 2.

expression for the growthrate of super-critical

salt fingers is derived

in section 3, and sections 4 and 5 contain simple applications
time dependent solutions.
interface

An

of the

Section 4 develops a model of a fingering

in which the fastest

growing fingers establish

the planform

5

for later equilibrium states.

A comparison of the predicted flux ratio

with available experimental data is made and the relationship

of this

time dependent model to one which maximizes the buoyancy flux (Stern,
1976) is discussed.

Section 5 has a calculation of the evolution of a

salt finger wavenumberspectrum from an initial
·perturbations,

field of "white noise"

allowing comparison with the model spectrum of Huppert

and Linden (1976) and the oceanic observations of Magnell (1976).

6

2.

Previous work
Several workers have examined the conditions for the onset of the

salt finger instability,

generally in the context of an anaJogy with

the Rayleigh problem of the initiation

of convection between two plates

(Stern, 1960; Baines and Gill, 1969). Walin (1964) has examined the
instability
but still

in an unbounded fluid with constant gradients of T and S,
included vertical

examined finite

modes in his analysis.

amplitude finger convection between two boundaries, but

his results appear to be limited to slightly
by instabilities

Straus (1972) has

that appear.

super-critical

conditions

All of these models are z-dependent

I

because they include vertical

wavenumbersin the analysis.

In contrast

to these are depth-independent solutions to the Boussinesq equations
(similarity

solutions),

that are valid at finite-amplitude

of constant T and S gradients.

in a region

The steady state form of the similarity

solutions has been used by Huppert and Manins (1973), Lambert and
Demenkow
(1972), and Linden (1973).
features of the fastest

Stern (1975) has examined the

growing fingers in the time dependent similarity

solutions for the case of v>>KT>>K
5 . The present work also uses the
time dependent solutions, but retains the explicit dependence on v, KT'
K5 • to allow intercomparison of results obtained with the heat-salt
sugar-salt experiments.
The ability

to examine the finger behavior at finite

(the equations are linear but not linearized)
ting the results of laboratory experiments.

and

amplitude

is important in interpreFingers are most readily

produced at an interface between two homogeneouslayers, and appear to
occur in this mode in the ocean (Wiliiams, 1975; Magnell. 1976). A

7

feature of the experiments is that the flux out of the interface
convective:

the heat and salt transports

are clearly not limited by diffusion.
stability

limitation

is

at the ends of the fingers

This would appear to-be the main

on the model of Straus:

the salinity

necessary to transport the salt flux diffusively

gradient

at the solid bound-

aries is so large that the fluid becomes gravitationally

unstable.

It

seems likely that no model of fingering between two solid boundaries
will yield salt transports

approaching those realized experimentally

between two mixed layers.

The result that the fluxes are 50 times the

solid plane flux (Turner, 1967) which would occur, if the same

11

11

I

salinity

difference were maintained between two solid boundaries,

emphasizes that the potential energy in the salt field is being
released by the diffusivity

of heat and not by its own diffusivity

orders of magnitude smaller).

In contrast,

(two

the heat flux, in the

inverse case of a stable salt gradient heated from below, is generally
less than the equivalent

solid plane flux, in the steady regime of

11

11

mixed layers separated by diffusive interfaces,

because the salt can

only act as a brake on the thermal convection (Turner, 1965).

8

3. The time dependent similarity

solutions

Weconsider a Boussinesq fluid far from any boundaries with
uniform vertical

gradients of the properties T and S. The equation of

state is assumed linear; p=p (l+a(T-T) + B(S-S ), wherep is the
0

0

0

0

reference density at (T0 ,S0 ), a and Bare the density
coefficients

due to T and Sand the diffusivity

expansion 11

11

(conductivity) of T (~)

is greater than that of S (KS). (Note that for heat, a is negative).
The horizontally averaged density (indicated by overbar) decreases
upward with aTz<0,BSz>0, and the condition for the onset of fingers

~~ , (as determined from the previously

is exceeded, that is ~I~<
cited linearized theories).

The motion is entirely vertical

are no horizontal pressure gradients),

(there

and we subtract the mean hydro-

static pressure relation from the momentumequation to obtain the finger
momentumbalance, (Stern, 1975):

aw' + g (aT' +
at'

ssI)

= vv2 w'
2

(1)

The solute conservation equations are
T
aa + w T =
at
a z
I

~ 'v2aT

2

(2)

v22ss

(3)

a.BS+ w' BS = K
dt

The normal mode solutions of these equations are the T,S,W fields given
by
=aTz•Z+eAtaT' Sin m1x Sin m2y
(BS-SS ) = BSz•Z + eAt8S' Sin m1x Sin m2Y
(aT-aT

0

)

0

(4)

9

.

~

is the growthrate of the finger perturbations

(a.T
1

,

as~,W

m1 , m2 are the finger wavenumbersin the x and y directions.
= (mi + m~) we obtain by substitution,

1

),

and
With m2

w' (>.. + vm2) = -g (a.T' + BSI)
a.T' (;.: + KT m2) = w1 a.fz
BS1 (:X: + Ks m2) = -w1 BSz

(5)

The following dimensionless variables are now introduced:

y

=

-aT1

ss7

w' (g(-a.Tz))l/2
w = gSS
1
R=

-a.fz

ssz
(J

T

=
=

\)

KT
KT
Ks

G is the dimensionless growthrate scaled with the density gradient due
to T; Wis the dimensionless velocity; and Mis the usual salt finger
wavenumber(Stern, 1960).

(There is no difference in the growthrate~ of

square-packed fingers (m1 = m2) or salt "sheets" (m2 = 0). The
half-width of square fingers is given by Y27fm-1). yin this model is

10

equivalent to the flux ratio of the fingers,

since the flux ratio is

equal to
-aFT = -waT = 1/4 w'aT'
SFs
wss
l/4w'Ss'

-aT'

-ssr-

As defined it is a positive number between O and 1.

R is the density

gradient ratio which varies .between 1 and T (the Lewis number, T
and

0

>

1),

is the Prandtl number when heat is the faster diffusing property,

a Schmidt number when Tis a dissolved solute.
The equations(5) become:
W(G+ a 1I2 M2 ) = -(1 - y)
-y(G + 0-l/ 2M2) = W
R(G+ T-lo-l/ 2M2) = -W

(6)

A cubic equation for Gin terms of Mis obtained by elimination of
Wand y, but an alternative

procedure will be used here that gives us

the same information on the growthrate of the fingers, with less
algebra.

The approach is to eliminate Wand M instead of y, which is

justified

by the following physical argument. Weexpect that for any

given super-critical

state of the fingers (l<R<T), there will be many

wavenumbersthat can grow. The wavenumbercorresponding to the fastest
growthrate will be determined by some balance of viscous and diffusive
effects.

Weexpect that a very wide finger will not be overly damped

by viscous dissipation,

but it also will not diffuse heat sufficiently

rapidly to release the potential energy in the salt field.
trast,

a very thin finger may transfer heat quite effectively,

also be highly dissipative.

In conbut will

Thus we expect that some intermediate

ll

wavenumberwill yield the largest growthrate.

The same problem of wave-

number selection can be posed in terms of the flux ratio y.

A very wide

finger could be expected to dissipate rather less energy than a thin
finger (dissipation~ vm2 ), maintaining a large aT relative to BS and
1

thus having a high flux ratio.
dissipative

1

,

Similarly a thin finger will be highly

and aT1 will be diminished by the increased conduction of

heat, resulting

in a low flux ratio.

Thus we will pose the growthrate

maximization problem in terms of the flux ratio,
strong relationship

expecting a rather

between y and M.

Eliminating Win (6) yields
M2cr-112(y-T-lR) = G(R-y)

(7)

y(G + cr-l/ 2M2) (G + cr112M2) = (1-y)

(8)

M2 can now be eliminated to obtain a second-degree expression for the
growthrate in terms of the flux ratio and the fluid properties.
2

G2 _
(1-y{ (yT-R)
- yR{T-l)R{crT-1) - Ty(cr-1))

(9)

The positive square root gives results consistent with the asymptotic
theory of Stern (1975), thus,
(1-y)
_
]1/2
cr_T
__.,,...,l
),---T-y-,--(
cr---=--1
)rT")
G = ( Ty-R) -yR---1(....:..T-14 )-( .....R~(
[
Somerepresentative

( l O)

curves of Gas a function of y for a few

values of R in the cases of heat and salt (T=100, cr=7), and salt and
sugar (T=3, cr=lOOO),are shown in Figure l.

The growthrates are seen

12

to increase rapidly as R goes to one, and there is approximately an
order of magnitude difference between the maximumgrowthrates in the
two cases.

Note that y = R/T represents the equilibrium (G=o) fingers

=l
also have zero growthrate but represent the null case, a.T' = SS' = w' = 0.
and that fingers with y < R/T are strongly damped. Fingers with y

(For perturbations with y

l the finger wavenumberscaling breaks down

>

and G becomes complex, indicating that such modes do not diffuse enough
heat to finger but can only oscillate.)
For the various oceans the slope of the T-S curve in most of the
"central waters" is such that R is about 2.

(See Evans, 1977). We

find that the maximumgrowthrate \ is about O.ll(gaT 2 ) 112 , or when
II

II

II

expressed in terms of the local Brunt-Vaisala period (t) given by
2

'.1"

t

= (g(-p z )) 11 2 = (g(-a.Tz )) 1/ 2 (1-lR)

11 2 ),

we find that thee-folding

time of the finger amplitudes (1/\) is about one t.

The finger fluxes

would e-fold in half this time, giving an idea of the relative
with which fingers can establish
conditions.

themselves under quite commonoceanic

Considerably shorter e-folding times can be expected in

regions of larger salinity
etc.),

speed

gradients (beneath the Mediterranean outflow

where R approaches 1.
The maximumvalue of G is of special interest.

that as the finger instability

begins, the first

One might expect

fingers to reach

appreciable amplitude will be those with the largest growthrate.

We

might also expect that the planform established by these fastest
growing fingers could be retained in later equilibrium states of the
fingers (a hysteresis
interface

effect).

A very useful model of a fingering

can be based on this process (Section 4), and so we now

13

establish
aG2 •

-ay

=

the flux ratio of the fastest

growing finger by solving

0 , and thus find the peak of the curves in Figure 1.

The

derivative of eqn. (9) is readily taken and the maximizing ~ondition can
be expressed as a cubic in y:
ay 3 + by2 +cy + d

wh~re a= (a-1), b

R

-(a+l-2aT), c

=

T

=

=

( 11)

0

R
-(aT+l-2a),
and d
T

For l<R<T, a>l the cubic has three real distinct

2

=

(aT -1)~.R

T'-

roots, one of which

Using the definitions:

lies between O and 1.

H = 3ac-b

2

9a2

and
-K
)
Q = -1 areas ( _ ___,,.....,.

3

2(-H)3/2

The flux ratio which maximizes the growthrate (for a>l) is found to be

y

m

=

2 /:H· cos ( 9 + 43- ) - 3a
-b

. Whena= 1 the equation (11) reduces to a quadratic and the proper
root is
yffi = (1/4 + 2 TB) 112 - 1/2
TTT
( )
b and at a= 0, y m = (8)1/2
For O<a<l, Ym= 2 v-H·cos
Q - 3a,
T
.

( 12)

14
Plots of ym as a function of R for the cases of heat and salt and
salt and sugar are shown in Figure 2(a,b).

Each plot also contains the

equilibrium (G=O)flux ratio line, y = ~.
0

T

The plots are encouraging because the minimumvalue of ym for
heat-salt

is found to be~ 0.57, in excellent agreement with the flux

ratio found by Turner (1967).

Also the flux ratio of the fastest

growing sugar-sqlt fingers is closer to the experimental value of~ 0.9.
Wenow use ym in the expression for G (eqn. 10) to compute the
growthrate of the fastest
heat-salt

and, sugar-salt

growing finger as a function of R. The
cases are shown in Figure 3(a,b).

An examination of the growthrates in the various experiments performed to date reveals that the experiments generally lasted a much
longer time than thee-folding
would have reached a critical

interval of the fingers.

amplitude (where higher order instability

could set in (Stern, 1969)) and should have stabilized
librium flow.

The fingers

to an equi-

The next section will explore a simple model that allows

this, and we now require the wavenumberof the fastest
Wederive a relationship

growing finger.

between M2 and y by eliminating G between

equations 7 and 10:
M2

= cr1/2 (R-y)T

[ (l-y)/yR(T-l)(R(crT-1)-Ty(cr-1)) ]1/2

The wavenumberof the fastest

(13)

growing fingers can be computed from

the above formula by setting y = Ym· Plots of Mversus Rare shown in
Figure 4(a,b) for the two cases of interest

along with the wavenumber
of the non-growing (G=O)fingers given by M= (! - 1) 114. Wesee that
R
the fastest

growing fingers are somewhatwider than the equilibrium
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fingers (a smaller wavenumber)at the same value of R. The flux ratio
is also greater (Figure 2), consistent with the concept that a wider
finger will dissipate

less energy and retain more of the temperature

difference between fingers.
The behavior of M(R) for both equilibrium and fastest

growing

fingers is relevant to the recent work of Chen and Sanford (1976).
note that at R =

T

They

very wide fingers (M=O)should be expected, but in

their experiments only long and narrow fingers were observed.

This is

because these wide modes have a growthrate that approaches zero as

R+Tand at only very slightly super-critical

conditions a much narrower

finger is preferred.
Having derived the properties of the fastest
any super~critical

growing fingers for

state of salt fingers, we can construct a simple

model of a fingering interface which allows the fastest
to establish

the planform for later equilibrium states.

growing fingers
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4. A simple interface model
Wenow develop a model of fingering between two mixed layers that
is relatively

simple in concept, but has a certain amount of physical

appeal and a fair degree of success in explaining available data.
assume that an initial
taining uniform vertical

state is produced in which an interface congradients of T and Sexists

between two homo-

geneous mixed layers having Tu= T0 + 6~, Su= S0 +~in
layer, Ti= T0

-

6T
~•St=

We

S0

6S
7 in the lower layer.

-

the upper
The interface

thickness is hand the density increments across the interface due to T
St.S and R , the initial
and S are given by af 2 = a.6T SS -_ n'
0
h '
z
ratio is given by R0 = at.T
st.s· (See Figure Sa.)
Weassume that the first

gradient

fingers to appear in this regime are those

with a flux ratio given by Ym(R0 ) (equation 12) and a wavenumbergiven
by M(-ym,R0 ) (equation 13).

Leaving aside any questions of stability

(Stern, 1969), we now ask what will happen as the finger fluxes increase
in amplitude.

Wemight assume that since the flux ratio is less than

one, the salt field will be affected more by the finger fluxes than the
temperature distribution.

Also the larger diffusivity

help to maintain a constant a.T
within the interface,
2
is small .. The effect of the finite
modify the internal salinity

of heat will
especially when h

amplitude fingers,

structure of the interface,

then, is to
with the

fingers retaining their original planform (wavenumber). The finger
amplitudes are limited to 8S'

<

6¥,and the

fingers must reach an

equilibrium state as thee-folding

time is very much shorter than the

length of the rundown experiment.

(The depth of the mixed layers, H,
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is very much greater than the interface thickness and thus the concentrations

of the mixed layers change slowly relative

to the evolution of

the fingers within the interface.)
The similarity

solution is not adequate to describe the intervening

process but should apply well to the initial
final (equilibrium) regimes.
change from fastest

(growing) states and the

The fingers may retain their p1anform and

growing to equilibrium only by increasing the value

of R within the interface.

This could occur by decreasing the salinity

gradient in the middle of the interface and having sharp steps in
salinity

in the transition

region at the layer-interface

boundary.

I

This also allows BS' within the fingers to approach the maximumvalue
of B~S. The basic state is thus modified to that shown in Figure Sb.
2
The equilibrium gradient ratio (R1 ) is determined by equating the
wavenumberof the fastest

growing wave as a function of R0 to. the

expression for the equilibrium wavenumberas a function of R1 ,
( T - 1_)1/4)
That is,
(Ml =
Rl

Wecan also determine the flux ratio of the equilibrium state,
and find that is has changed slightly

in the transition

Rl

(y =T),

1
from fastest

growing fingers to equilibrium fingers.
The flux ratio ratio may be plotted as a function of R0 (~~~I)
and compared, for heat and salt,

with the data of Turner (1967) and

Linden (1971), and for sugar and salt, with the data of both Lambert
and Oemenkow(1972) and Stern and Turner (1969) (Figure 6a,b).

The
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agreement between the model and the experiments is seen to be rather
good, with only the data of Linden in disagreement.

The consistency

of the data with the model -- both Turner s data for heat and salt and
1

the data for sugar and salt -- is remarkable considering the large
differences

in the Lewis number and Prandtl number, which have

previously inhibited comparison of the two regimes.
The feature of the salinity

steps in the transition

region appears

to have been observed by Linden (1973, Figure 1), although the sampling
interval was rather large and a step structure
steps in salinity

is only hinted at.

These

at the interface edges are also a feature of a finger

'
model which maximizes
the buoyancy flux, due to Stern (1976).

There

may be some problem, however, in realizing such steps when R approaches
1.

The transition

region between the fingers and the mixed layers must

be characterized by locally low stability
overall stability

(R (local)~

1).

Whenthe

is low to begin with it is not possible to realize

such jumps in salinity

and still

have a transition

region that is small

compared to the interface thickness h.
The model of Stern (1976) assumes equilibrium fingers exist under
the constraint

of collective
11

11

stability

(Stern, 1969) and finds that

the flux ratio which maximizes the buoyancy flux occurs at y = 0.25 for
heat-salt

fingers and at y = 0.50 for sugar-salt

fingers.

is obtained by assuming that the flow is sufficiently

His result

developed that

the states realized by the fingers may approach those which maximize
the dissipation

(or buoyancy flux).

application of such variational

Howard (1972) has reviewed the

concepts to the shear and thermal con-

vection problems. However, it is also knownthat initial

conditions
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can cause the fluid to

lock-in

11

11

to a single convection mode (Busse

and Whitehead, 1971). The assumption made in the present model, that
the finger states are not fully developed enough to realize_ a flux
optimizing mode, but are determined by the initial
to a different

conditions,

leads

estimate of the flux ratio.

It should be noted that this model places heavy emphasis on the
initial

conditions of the interface and ignores the interaction

between the finger fluxes and the interface thickness (collective
instability).

Strictly

speaking, fixing both the width and length of
the fingers would lead to a salt flux dependence on (6S) 2 whereas the
I

4/3 power law is supported by the experimental data.

The model is only

meant to suggest possible hysteresis mechanisms; it may be that the
fastest

growing fingers are found for other reasons.

relationship

Perhaps the

between the fingers and· the turbulence in the mixed

layers, requires the quick response of the fastest

growing fingers,

if

the fingers are continuously being disrupted and reformed at the
interface edges.
The apparent agreement of the model with Turner 1 s data might be
explained by the relatively
and the stirring
stirring

short duration of the experiment (4-9 min.)

before and after the fingering period.

That is, the

might act as a selective mechanismfavoring the quick response

of the fastest

growing fingers.

The fastest

growing finger in Turner 1 s

experiments could e-fold in amplitude in about 10 seconds, and four
minutes would seem sufficient

time to establish

some equilibrium

regime such as in the simple model above. Whether it is sufficiently
long to allow the establishment of a buoyancy flux maximizing state
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is difficult

to judge, although the data of Linden s much longer (>l
1

hour) experiments do give a flux ratio closer to that predicted by
Stern (although y was estimated by an indirect method)~ But this does
not explain the agreement of the time dependent model with the
sugar-salt

data, in which the rundown experiments lasted up to 10 hours,

and the hysteresis

effect may very well be the correct explanation of

the high flux ratio.
A determination of whether the salt fingers achieve different
regimes in different

experiments must await further experimental data.

However, we can safely conclude that in some cases the flux ratio
I

appears to be determined by time dependent effects that can successfully be predicted from a crude model, such as the one above, given
the Prandtl number and Lewis number of the fluid.

It would be inter-

estin~ to have flux ratio data from other (a, T) systems to extend the
comparison.
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5.

The Finger Wavenumber Spectrum
The previous section examined a model in which the finger width

was set at one particular

value.

This may not be realistic

in view of

the fairly wide range of flux ratios which have a large growthrate
(Fig. 1).

This would lead to some spread in the finger widths actually

realized,

a problem best considered in terms of the wavenumberspectrum

of the salt fingers.

Wewill here examine the evolution in time of the

spectrum of growing fingers by utilizing

the relations

section 3; it is useful, however, to first
theoretical

derived in

note the results of recent

and observational work on saltfingerspectra.

Huppert and Linden (1976) have calculated the spectral signature
of a trace through a field of equilibrium salt fingers.

The fingers all

had the same dimensions but were arranged in groups of 4 or 5, with
random orientations
correlations

between the groups.

This was meant to model the

between fingers observed in planform views of the finger

field (Shirtcliffe

and Turner, 1970). Their model spectrum has some

energy at low wavenumbers, a rise to a very narrow peak at--/2 times the
finger wavenumber,and a rapid fall-off

at higher wavenumbers. The

energy at low wavenumbersarises from the modeling of the correlation
of the fingers,

and there is no energy at high wavenumbers, even

though a path through randomly oriented finers may "clip" the corners,
because the amplitudes are reduced to zero at such points.

The peak

of their calculated spectra is close to the peak found in spectra
obtained from Linden's data.

This is not surprising,

since the model

is based on the flux ratio estimated from his data.
Their model does not, however, agree with the oceanic observations
Magnell (1976), made with a horizontally

towed probe in the
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Mediterranean outflow region.

Magnell's data indicate wider fingers

(using the same quarterpower dependence on the vertical

temperature

gradient) which are best described by a flux ratio close to 0.56.
Magnell also shows by the amplitude of the conductivity fluctuations
that the flux ratio must be high; the maximumcontribution to the
conductivity perturbation by the salinity
ence across the interface;

is set by the salinity

differ-

the rest must be due to the temperature.

his data, agreement is found for Turner's value of

For

(0.56); Linden's

value of 0.12 is not supported.
Besides these two independent indications of a high flux ratio,
Magnell states that the spectral peak tended to become smoother when
longer records of fingers were obtained.

Thus, while the peak of the

spectra of Huppert and Linden could be made to coincide with that of
Magnell by using a wi<ler finger as the basic component of their model,
there would be problems in trying to reconcile the relatively

broad

peak of Magnell's data and the very narrow peak of their model.
A broader spectral peak would be obtainable from a model which
does not assume the complete dominance of only one size salt finger.
Such a model would have non-equilibrium salt firgers; perhaps the
interfaces

sampled by Magnell had recently appeared and the fingers

were just forming; or the convective mixing above and below the
interface was continuously

disrupting the fingers so that there were

many growing fingers present at any one time.

One possibility

for

the spectrum realized in such a case can be calculated by assuming a
"white noise" field of initial
of the spectrum with time.

perturbations,

and examining the evolution
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The spectral density (F(m,t)) of salinity
sampling path across a series of salt 'sheets•

fluctuations

for a

(two dimensional rolls,

let m2 + 0) is given by the square of the Fourier amplitudes for each
wavenumberat any time t. That is, if S0 is the initial white noise
amplitude, then
F(m,t)

=

1/2

s/ exp.

(2·\ (m) t).

A plot of such a spectrum is shown in Figure 7 for the case of
R = 2, for elapsed times of l, 2, and 5 e-folding periods of the fastest
11

II

II

growing fingers (approximately one Brunt-Vaisala period).

The initial

amplitude is taken to be unity and both scales are logarithmic.

If the

original perturbation had an amplitude of 1 part per million in salinity,
then it would have increased to 0.015°/oo in this time, a magnitude
comparable to the salinity

steps often observed in the ocean.

though, this is an arbitrary

calculation;

start with a 11red 11 spectrum (falling
points are:

(1)

will grow; (2)

Clearly

one could just as reasonably
off as, say, m-3). The main

that there is a large range of finger widths that
that the fastest

growing finger only becomes a strong

selection principle after a sufficiently

long time; and (3) that a

certain width to the spectral peak is to be expected.
The overall shape of the spectrum is similar to that of Huppert
and Linden, with energy at low wavenumbers, a rise to a peak and a
sharp cutoff at higher wavenumbers. Only the location and width of
the peak are different.

This implies that the autocorrelation

functions (the inverse transform of the spectrum) would also be
similar.

Thus, what they model as the correlation

over 4 or 5 cells,

of fingers

may actually be the result of the growth of low

wavenumberperturbations

in the time dependent problem. This would
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be consistent with the observed increase in cell order as time goes on,
as one cell size, the fastest
field (see Shirtcliffe

growing, comes to dominate the finger

and Turner, 1970).

The increased width of the peak over that from the single sized
cell model of Huppert and Linden is consistent with the observation
of a smoother peak in longer records by Magnell. The spectral broadening may also have implications for the optical detection technique
of Williams (1975).

A spread in the wavenurnbersmeans a variation

in the flux ratios of individual fingers.
least sensitive

An optical system is

to fingers with a flux ratio of about 0.6 (depending

on the water mass), because the heat and salt contributions
index of refraction

cancel, rendering the fingers invisible.

to the
Thus,

·if there were a spread in finger wavenumbers, the instrument might
only detect certain

portions of the spectra.

In addition, a negative

result (no optical image), would not rule out the existence of fingers.
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6.

Conclusions
This study of the growthrates of super-critical

salt fingers has

shown that:
1. Salt fingers can form quite rapidly under commonoceanic
tonditions, withe-folding

times of about one Brunt-Vaisala

period

J

In Central Waters, and much shorter e-folding times in regions where
R + l (Mediterranean Outflow, Subtropical

Underwater, etc.).

This

nust guarantee their existence on the high gradient sheets observed
in the mainthermocline, either as the causative agents

(Stern and

]urner, 1969) or simply as parasites on the high gradient regions
produced by other mechanisms.
2.

The flux ratio of the fastest

growing fingers is found to agree

well with the experimental data of Turner (1967) for heat and salt,
ahd with those of Stern and Turner (1969), and Lambert and Demenkow
( 972) for sugar and salt.

This is the first

successful explanation

of the dependence of the flux ratio on the molecular properties of
t~e two different
3.

systems.

The wavenumberof the fastest

oceanic observations of Magnell (1976).

growing finger agrees with the
Also Magnell's finding of a

sloother spectral peak in longer records is consistent with the result
trat many different

wavenumbershave appreciable growthrates; thus adher-

erce to models with only one size finger may not be required.
The good agreement of the theory with both laboratory and oceanic
measurements suggests that time-dependent effects must play an important
rd1e in salt finger convection.
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FIGURE
CAPTIONS
figure l.

·-

Plot of growthrate (G) versus flux ratio (y) for various
values of the density gradient ratio R. G is always
negative for R

>

T.

la.

Heat-Salt; T=lOO,a=7.

lb.

Salt-Sugar;

Figure 2.

T=3. a=lOQO

ym, the value of the flux ratio that maximizes the growthrate.

The line Y = ~ is the flux ratio of equilibrium (G=O)

f,ngers.

T

G is positive above this line, negative below it.

2a.

Heat-Salt; T=100, a=7.

2b.

Salt-Sugar, T=3, a=lOOO
.

.Figure 3.

The maximumgrowthrate plotted as a function of R.

3a.

Heat-Salt.

3b.

Salt-Sugar.

(Note the order of magnitude difference between

the two cases.)
Figure 4.

The wavenumberof the fastest growing fingers as a function
of R. The wavenumberof equilibrium (G=O)fingers is also
given (upper curve).

4a.

Heat-Salt.

4b.

Salt-Sugar.

Figure 5.

(a) The initial

state of a fingering interface.

of T and Sare initially

The gradients

constant within the interface,

the density gradient ratio given by R0 = ~~~-

with

The first

fingers to appear (those with the largest growthrate)
establish the width of the finger cells for all later regimes.
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'

(b)

Finite amplitude convection modifies the S-field within

the interface until an equilibrium condition is established.
The value of the gradient ratio is now given by_R1 = aTz
ssz' and
is determined by retaining the wavenumberestablished by the
4 -1
fastest growing fingers in (a). That is, R1 = T (M+l).
The T=gradient has remained unchanged so that a constant M
corresponds to a constant dimensional wavenumber(m) also.
Figure 6.

The flux ratio in the final equilibrium state of the model
of Figure 5 (upper curve) as a function of R0
flux ratio of the initial

_ a6T

-

Sb.S' The

(growing) state is also shown

I

( 1ower curve).

(a)

Heat-Salt case compared with data

of Turner (1967, Figure 4) and Linden (1971), (only the
range of R0 is indicated).

I

:
'

(b) Salt-Sugar case compared

with data of Stern and Turner, (1969) and Lambert and Demenkow

i

(1972), (the bars represent the standard deviations about
the mean value of R in the rundownexperiment).
F gure 7.

The evolution of the salt finger spectrum as a function of
time from an initial

field of "white noise" perturbations,

for elapsed times of 1, 2 and 5 e-folding times of the fastest
growing fingers,
of R = 2.

about one Brunt-Vasaila period for this case

The scales of the spectral density and

dimensionless wavenumber(M) are logarithmic.

The wave-

number scale corresponds to cycles per cm. for a vertical
temperature gradient of 1°c in 10 cm.
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Abstract

A series of two-layer, heat-salt fingering experiments were per
formed in a one meter deep insulated tank.

Repeated profiling of the

temperature and conductivity with a small probe allowed the calculation
of the vertical fluxes of heat and salt.

Results indicate that:

l. The ratio of the density flux of heat to the density flux
of salt (flux ratio

=

y) is not a constant, contrary to the results of

Turner (1967) and Linden (1971). Both short term variability

(due to

storage and release of heat by the finger interface), and a general
trend of decreasing flux ratio with increasing stability ratio (R =
aliT/66S) were observed. For R < 4, y � 0.6, in agreement with Turner
and the time dependent model of Schmitt (1977); and for R > 6, y = 0.3,
closer to the estimate of Linden and the equilibrium model of Stern
( 1976).
2.

The ratio of the salt flux to the product of viscosity and

local density gradient due to temperature was found to be about one,
in agreement with the collective instability model of Stern (1969).
3. The 4/3 power law dependence of the salt flux (SFs) on the
salinity difference across the interface (66S) is strongly supported;
the least squares regression of log (SFs) against log (66S) shows
excellent agreement with the 4/3 slope over several ranges in R. When
•
C - 0.0 51 for R > 3. 5 and
expressed as sFs = C (gKT)l/3 (66S)4/3, with
C + O.l and R + l, the 4/3 law permits calculation of the flux to
within 5-15%, and should be applicable to oceanic observations.
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1.

Introduction
Wehave knownfor some time now of the possibility

in a stably stratified

of convection

ocean when the heat and salt density gradients

act in an opposing sense.

(Stammel, Arons, and Blanchard, 1956; Stern,

Whenwarm-salty water overlies colder, fresher water, the

1960).

higher rate of heat conduction over salt diffusion can allow near
thermal equilibrium to occur in adjacent water parcels.
salinity

differences and thus density differences still

small-scale ('\, cm wide) vertical motions.
laterally,
occurs.

but very little

salt,

However,
exist and drive

The "fingers" diffuse heat

and a convective vertical

A ce~tain quantity of heat is also transferred

flux of salt

in the vertical,

the amount of which has been a matter of some controversy.
The heat and sa 1t fluxes can be expressed as density fluxes
(using the expansion coefficients

of the equation of state),

and their

ratio indicates the fraction of the energy released by the falling out
of salt that is used to raise the center of gravity of the temperature
field.

The value of this flux ratio (y) is in dispute, with Turner

(.1967} finding experimentally a value of 0. 56

reporting a flux ratio of 0.12

± 0.02. More recently, the flux maxi-

mization theory of Stern (1976} requires y
has pointed out that the fastest
vertical

± 0. 02 and Linden ll 971)

=

0.25, and Schmitt (1977)

growing fingers in a region of constant

gradients have a flux ratio close to that reported by Turner,

The attractive

point about the fastest

growing fingers is that the model

also explains the high flux ratio (0.9) found by Stern and Turner (1969}
and Lambert and Demenkow(1972) in the sugar-salt
molecular diffusivities

experiment.

(The

of sugar and salt differ by a factor of three,
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and fingers are formed when sugar solution, the slower diffusing,
overlies salt water.)
The flux ratio is an important quantity to knowbecause it sets
the relative

contributions

index of refraction

of the salinity

changes between fingers.

0.6 can render the fingers invisible
Williams (1976).

and temperature to the
A flux ratio of about

in the optical detection scheme of

Also the value of the heat flux itself

is of interest,

as the vertical

salt flux due to fingers was found to be important in

the large-scale

salt balance of the Northeast Caribbean Sea by Lambert

and Sturges (1977).
the vertical

If fingers account for a significant

fraction of

mixing in the main thermocline, the difference between

the heat and salt transfer rates would have important consequences for
thermocline theories which usually assume equal "eddy diffusivities"
for heat and mass.
In order to clarify the experimental and theoretical
over the flux ratio,
of the collective

questions

as well as make more detailed tests ~f the models

instability

of fingers (Stern, 1969) and the 4/3-power

law for the salt flux (Stern, 1976), I have undertaken a series of heatsalt fingering experiments.

The experimental apparatus and techniques

are described in Section 3; results are presented and discussed in
Section 4 and summarized in Section 5.

The following section is a short

review of the experimental work of Turner (1967) and Linden (1971).
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2.

Previous Experimental Work
Turner (1967) was the first

heat fluxes due to fingers.

to attempt to quantify the salt and

He used a 40 cm deep tank with stirring
·-

grids in the mixed layers above and below the fingering interface.
Stirring was used to achieve uniformity of the mixed layers before and
after each fingering period, 4 to 9 minutes long.
temperature and salinity
heat and salt fluxes.

The changes in the

of the mixed layers then gave estimates of the
The heat flux was corrected for conduction of

heat across the interface,

to isolate that due to convective transfer

by the fingers, by subtracting the heat flux found in heat run-down
experiments (with no salt).

This method should also have accounted for

heat loss or gain through the tank sidewalls.

The flux ratio was found

to be 0.56 ± 0.2 with no apparent variation with the stability

ratio,

0
a6T/µ0 6S = R' (a= lP ~
aT'µ =lap
Pas and 6T, 6S are the temperature and
salinity differences across the interface).
This result is now seen to

be consistent with the time dependent model of Schmitt (1977).
stirring

and the relatively

The

short duration of the experiment probably

enhanced the importance of the fastest

growing fingers.

One would like to knowthe flux ratio in the absence of any
mechanical stirring

in longer experiments.

Linden's (1971) experiments

were longer (> 1 hour), rundown, experiments and should have been less
influenced by time dependent effects.

However, he did not attempt to

directly estimate the heat flux from the temperature changes in the
mixed layers, because of the difficulties
ductive heat fluxes.

with the sidewall and con-

He did use other methods which relied on the

assumption that the fingers were described by a steady state balance
of advection and diffusion within the fingers,

and horizontal profiles

50
of temperature to estimate T' within the fingers.
y:

The value of

0.12 ! .02 also showed no variation with R. This number can be

questioned because of the theoretical

bias in its computation as well

as possible underestimation of T' due to the tendency of the boundary
layer around a slowly moving small probe to low pass filter
temperature structure.
relationship

the true

However, Linden has one plot showing the

between finger width and temperature gradient which should

depend primarily on the flux ratio,
rate of the fingers.

almost independently of the growth

This plot (Figure 3.13 of Linden's dissertation)

suggests that the flux ratio was less than 0.56 but possibly a bit
higher than 0.12, and would support Stern's

(1976) value of 0.25.

While admitting that the evidence is prejudiced by our own theoretical
conception of the detailed finger dynamics, it does seem likely that
Linden's longer rundown experiments achieved a lower flux ratio than
Turner's short, stirred

experiments, and we are thus left uncertain

as to the proper flux ratio to apply to oceanic observations.
The experiments described in the next section were designed to
make direct heat and salt flux measurements in long experiments,
unaffected by mechanical stirring.
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3. The Experiments
Twoaspects of the experimental problem seemed of particular
importance; the tank design, and a small probe to continuously profile
temperature and salinity

(conductivity)

in the vertical.

The tank was 19 cm x 19 cm x 98 cm deep (inner dimensions) constructed of

11

Plexiglas

11
•

It was contained inside another plastic tank

(27 x 27 x 101 cm) which provided insulation from room temperature,
either left as an air gap or by filling

the gap with plastic foam chips.

The depth of the tank was more than twice the depth of the Turner and
Linden experiments.
ture and salinity

This means that the rate of change of the tempera-

of the mixed layers will be less likely to affect the

fingers, and the assumption that the fingers pass through a series of
quasi-equilibrium

states will be better met. Also, the convection in

the mixed layers will be less inhibited by the boundaries, making the
convective stirring

sufficiently

intense that a good estimate of T and

Swithin the layers may be made without mechanical stirring.
In order to adequately sample the temperature and salinity
structure of the experiments, a special probe was constructed.

A bead

thermistor and a single platinum electrode (radius=

0.25mm)were

mounted at the end of a 3 cm long thin glass tube (r

=

0.8mm}. This

in turn was mounted perpendicular to the end of a 6 rmndiameter glass
tube, 120 cm long.

This configuration,

shown in Figure l, allowed

the probe to sample undisturbed fluid on both up and downprofiles.
The thermistor output through a simple resistive

network was

amplified to give a 0-10 volt output in the range of 0-45°C. The probe
was calibrated at 100 points against a quartz-crystal

thermometer
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(Hewlett-Packard 2801A) and a fourth degree polynomial fit to the data
provided temperature as a function of voltage.

The accuracy is better

than± 0.05°C and precision (limited only by the analog chart recorders
used to log the data) is± 0.04°C in the early experiments,_± 0.02°C
when an expanded scale was used.

The thermistor (Yellow Springs Inst.

Co., #44018) had a one second time constant which was no disadvantage
for the flux measurements reported here, but did not adequately sample
the detailed structure of the fingering interface.
Conductivity was monitored by measuring the current from a 60 KHz
constant amplitude oscillator,
a stainless

through the electrode and salt water to

steel grounding strip in the tank.

The probe is sensitive

I

to the conductivity of the fluid within about 10 radii,
The high carrier

about 2.5 mm.

frequency seemed to minimize drift problems commonto

small probes, with only a 3%change in cell constant over 4 months,
probably due to formation of deposits around the electrode.

The con-

ductivity range 0-l0mmhos/cmcorresponded to 0-10 volts output of the
electronics

with accuracy of about± 0.05mmhos/cm,and precision of

± 0.0lmmhos/cm, ± 0.005mmhos/cmon an expanded recorder scale.
The probe was calibrated

in various temperature and salinity

samples, (seawater diluted with deionized water) with salinity

being

determined on an inductive salinometer calibrated with Standard Sea
Water. Salinity was calculated from the conductivity and temperature
using the fifth degree polynomial provided by Brownand Allentoft (1966)
for salinities

below 8°/oo.

becomes inaccurate

salinity

(The standard oceanographic formula

below 3°/oo.)

This allowed the calculation

of

to an accuracy of± 0.04°/oo, and a precision of± 0.01°/oo.
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Filtered sea water was used in these experiments because of the
availability
salinity,

of the formula relating
and temperature and salinity

temperature and conductivity to
to density.

Turner (1967) used

NaCl and Linden (1971) used sucrose and both obtained comparable values
of the salt flux.

The large difference between the conductivity of heat

and the diffusivities
in diffusivities

of dissolved salts seems to make small differences

unimportant.

found evidence for different
interfaces,

Turner, Shirtcliffe
salt transports

is significant
critical

across double-diffusive

where the salt flux is diffusive.

fer of salt is convective in salt fingers,
fractionation

and Brewer (1970)

However, since the trans-

it seems unlikely that there

of dissolved species in the highly super-

regimes of these experiments and typical oceanic conditions,

although this has not been checked.
The tank was mounted on an elevating table, capable of moving
the tank vertically,

with the probe held rigidly from above. The table

is very solidly constructed and vibrations were minimal.

The vertical

position was sensed by a weighted string passing over a 10 cm circumference pulley attached to a 10 turn potentiometer.
vertical

profiles

x-y plotter.

This allowed

of temperature or conductivity to be recorded on an

The table had reversing switches at the ends of its run,

allowing operation in a yo-yo mode, with a variable spped of up to
11

11

2 cm/sec.
The experiments were set up by introducing cold, deionized water
into the bottom of the tank (to a depth of 45 cm), suspending a thin
plastic

baffle on the surface of the cold water, then pouring warm

water on top.

Allowing about an hour for thermal equilibrium with the

tank to become established,

a quantity of warmfiltered

seawater

-,
54
(S = 32°/00), sufficient
into the upper layer.

to give the desired ~S, was thoroughly stirred
The baffle was then slowly tilted

along a

diagonal and withdrawn from above. This generally produced satisfactory
results,

although when the stability

was low (R = 1), the removal of the

baffle could cause large amplitude mixing. The lowest density ratio
achieved was R = 1.3; usual starting

conditions in a successful run had

R between 1.6 and 2.0.
Salt fingers formed immediately on the interface between the two
layers and the probe sampled first

one layer then the other as it

"yo-yoed". Temperature (T) and conductivity (C) were continuously
recorded with time on strip chart recorders,

and vertical

profiles

of

T and/or C recorded every 10-15 minutes, depending on the rate at which
the layer depths were changing.

The vertical

profiles yielded the

interface and layer thicknesses;

the time series of T and C was digitized

to obtain a single value of the T and C of each layer at the times of
interface

crossings.

The variations

due to active mixing within the

layers (see Figure 2) were averaged by eye during the digitizing
This variability
flux calculations

process.

was the largest contribution to the uncertainty of the
near the beginning of each experiment; the digitizing

level was the limiting factor in the later part of a run.
Table I shows the initial

conditions,

duration, and the number of

points sampled for each of the experiments described here.
experiment, that of 3/16/77, had an initial

stability

Only one

ratio less than

1.6, this experiment displqyed a pronounced entrainment effect,

in

which one layer grew at the expense of the other layer--something not
noted in previous salt finger experiments.
limited entrainment when the stability

Other experiments displayed

ratio was low, during the early
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part of the experiment.

The entrainment was always asymmetric w~th the

lower layer growing at the expense of the upper.
an initial

One might expect that

difference in the layer depths might cause the larger to grow

at the expense of the smaller, because the turbulent velocities
inhibited by the proximity of boundaries.
by Linden (1976) for the double-diffusive
salt gradient from below).

are less

Such an effect is described
experiment (heating a stable

But when an initial

imbalance in the layer

depths was introduced, with the lower layer 40 cm thick and the upper
50 cm thick, the results were the same, it was still
which grew. The initial

the lower layer

disturbance of removing the baffle was small

compared to the convective turbulence caused by the fingers and is not
likely to be the cause of the asymmetry. The most likely explanation
lies in the variation of the thermodynamic properties of water with
temperature, especially the changes in the thermal expansion coefficient
(a),

which changes by a factor of 3 from l0°C to 30°C at these

salinities.
the interface,

Thus, if the mean temperature gradient is constant across
the stability

will be lowest at the lower edge due to the

decrease in a, making disruption of the fingers more likely.
ratio of the thermal conductivity to the diffusivity

(Also, the

of salt (KT/Ks)

changes, from 200 at 5°C to 80 at 30°C (Caldwell, 1974), but this is not
likely to be important in these highly supercritical

experiments.)

Others have reported on the linear growth of the fingering interface with time, as well as other details of the fingering experiments
(Linden, 1973); I will concentrate on calculated quantities,
ratio

ratio,

of the heat and salt

R.

fluxes,

and their

such as the

dependence on the stability
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The density flux

due to salt,

the time series of salinity
estimates.

SFs, was computed by differencing

for each layer, and averaging the two flux

That is:

S was computed at the mean temperature and salinity

of the experiment,

and H1 and H2 are the upper and lower layer depths as determined from a
quadratic fit of the layer thickness data, as a function of time, read
from the profiles.

os1 , os2 are the salinity changes within each layer
over the time interval ot, which was generally 10-15 minutes. This
provided better stability

than first

differencing the data at the 1-5

\

minute sample interval,
computed quantities

and still

gave adequate resolution of changes in

with R. The values of 66S and R paired with each

flux estimate were the averages of these quantities

at the two differ-

enced points.
This estimate of the flux neglects the effects due to the growth
and migration of the interface;
justified

that is, terms like s 1 • ~~l.

because such terms are more than an order of magnitude smaller

than those above, due to the large layer depths.
difficult

This is

They are, in any case,

to estimate, since the uncertainty in the layer depths as read

from the vertical

profiles

Hover the differencing

(! 1cm) is as large as the typical change in

interval.

contribute to the variations

These neglected terms did, however,

in the heat flux calculation,

because

a6T > 66S and aFT < SFs.
The heat flux was computed using a similar relationship

with

additional corrections to account for heat losses through the side walls
and the pure conduction of heat across the interface.

The correction
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for the tank heat losses was established in heat rundownexperiments.
The heat loss or gain in a layer is proportional to the temperature
:
I

difference between the water and room temperature.

Since the mean

temperature of each experiment was close to room temperature(~

20°C),

the tank correction was determined as being proportional to a~T. A
tank correction constant was established for each of two experimental
configurations,

with and without plastic foam insulation in the air

gap between the inner and outer tanks.

The heat conduction across the

interface was taken as being proportional to KT~
interface thickness.

where his

the

Whenthese corrections were subtracted from the

observed heat ,flux the remaining flux was due only to the salt fingers.
11

This procedure is not unlike the technique of Turner (1967) except that
the two effects

(sidewall heat losses and conduction across the inter-

face) have been separated, and many (30-100) flux estimates were made
for each experiment instead of just one. The correction due to the
tank was small relative

to the finger flux at low R, becoming larger

than the finger flux at high R. The conductive correction ranged from
1/10 to 1/3 of the finger heat flux during an experiment.
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4.

Results
The ratio of the density flux due to heat to that due to salt is

of primary interest

and I will discuss that data first.

All heat fluxes

were.normalized by the salt fluxes and plotted against the stability
ratio,

a~T/S~S, as in Turner (1967).

the experiment of 3/26/77.
partially

Figure 3a shows the results

The variability

from

in the flux ratio (y) is

due to the experimental uncertainty (primarily in the heat

flux), but there is a certain amount of real variation that has not been
previously noted; Turner and Linden both reported the flux ratio to be
constant (though different).

Figure 3b is a seven-point running average

of the data to reduce experimental scatter but still

resolve the changes.

The other experiments showed similar short-term changes, and when the
data (with running average applied) from all experiments is plotted in
Figure 4, the lack of coherence of the variations
deal of scatter

in the data.

contributes to a great

There is, however, a general trend

apparent, of a decrease in the flux ratio with increasing R, a different
result than the constant flux ratios reported by Turner and Linden,
though it may help to explain the differences between their experiments.
In order to examine the general trend of the data the average of
the raw data on several intervals

in R was taken for each experiment.

The results are contained in Table 2, with the standard deviations in
parentheses.

The last row has the ensemble average of the means of the

various experiments in each interval.

To compare with the theories these

mean values have been plotted in Figure 5. The average of all the data
in Table 2 is 0.56 (± 0.17) in agreement with Turner's value (0.56
but the downwardtrend and the short-term variability
explained.

must be

~

0.02)
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Three regimes can be distinguished in the mean flux ratio plot.
For R < 2.5 the flux ratio tends to be~ 0.7, slightly

higher than

required by the maximumgrowth rate model of Schmitt (1977).

This is

probably due to the thinness of the interface in the early ~art of each
experiment.

The larger scale turbulence of the mixed layers may inject

convective elements into the interface that are wider than the fastest
growing fingers,

and thus have a higher flux ratio but still

appreciable growth rate.

Of course, the unbounded linear theory cannot

be expected to apply on thin interfaces;
as R + l may indicate a somewhatdifferent
When2.5

<

have an

and the increasing flux ratio
finger regime.

R < 4, the flux ratio is about 0.58, in agreement with

the data of Turner (1967) and the model of the fastest

growing fingers.

For R > 4 the flux ratio begins to drop, and is about 0.3 for- R > 6.
large changes in y for 5

<

The

R < 6 in Figure 3(a,b) was also present to some

extent in other experiments as evidenced by the increased standard
deviations in this range in Fig. 5.
change in the modal structure

This may mean that a significant

of the fingers takes place at R: 5,

perhaps an adjustment from a regime dominated by the fastest
fingers to an equilibrium regime.

growing

The data for R > 6 does agree with

the flux maximization theory of Stern (1976), which requires a flux
ratio of 0.25.

This may also indicate that the low flux ratios esti-

mated by Linden (1972) were representative
only.

of the fingers at high R

This downwardtrend may not have appeared in Turner's experiments

because the stirring

in the mixed layers before and after the fingering

period placed a selective
growing fingers,

advantage on the quick response of the fastest

preventing an approach to equilibrium flow.

One

possible explanation of the decreasing flux ratio is that the fingers
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are slowly adjusting to equilibrium, after being initially
to the fastest

any effects of initial

conditions on the

two experiments were started somewhatdifferently.

experiment 3/7/77 a weak salinity
to form fingers.
ately thick(>

In

difference was introduced and allowed

After an hour, when the finger interface was moder10cm) and R was high (~ 20), a porous float was used to

introduce more warmsalt water, bringing R down to about 2.
interface thinned and the flux ratio was found to be slightly
~

11

growing modes.

In order to distinguish
flux ratio,

locked in

11

The
lower (by

0.1) than in the other experiments, started by removing the thin

baffle,

but not as low as required by the theory of Stern (1976), until

R exceeded 4.

In the experiment of 5/12/77 a high stability

ratio was

used with the baffle technique to see if the thinness of the interface
would raise the flux ratio.
less than 0.5 for the first

It apparently did not; the flux ratio was
measurements. The interface also rapidly

thickened to approximately the values realized in the other experiments
which had rundownfrom initially

low R.

These experiments indicate that the fingers are only partially
influenced by different

initial

conditions (a difference in y of about

0.1) and that the flux ratio and interface thickness are largely determined by the present values of a6T, S6S.
The tendency for the flux ratio to vary about the general trend
in Figure 3a on a time scale of 15-20 minutes is partly due to variations
in the interface thickness, but may also be evidence of a short-term
hysteresis effect.

The adjustment in the modal structure

of the fingers

to changing a6T/S6S conditions may take place in jumps; the wavelength
established at one stability

ratio may be retained for a time while R

61
increases,

then suddenly change when a different

faster growth rate.

The variability

the active adjustment to the fastest

wavelength would have a

in flux ratio may represent just
growing fingers.

It should also be

noted that the growth rate maximumis rather broad with respect to the
flux ratio;
fastest

a wide range of y s have growth rates approaching that of the
1

growing and the growth rate cannot be considered a very strong

constraint on the flux ratio (Figure 1 of Schmitt, 1977).

In this

regard I should note that while the decrease in the flux ratio at higher
stability

ratio can be taken as evidence for the maximumbuoyancy flux

model of Stern (1976), fingers with a flux ratio of 0.3 have a growth
rate only about 15%less than the maximumat these at stability

ratios.

A determination of whether the fingers were in an equilibrium or growing
state,

would require detailed T and S profiles

in the interface,

diffi-

cult to achieve with the present analog recording system and the
one-second response time of the thermistor.
Another quantity of interest

is the ratio of the salt buoyancy

flux to the density gradient due to temperature times the viscosity;
SFs /vaT z = A. This non-dimensional group was suggested as being of order
one by Stern (1969) in his collective instability model. The model
predicts that the fingers would become unstable to internal wave disturbances when A exceeded a critical

value near one. This constitutes

a mechanismby which the fingers can be considered self-limiting

and has

been used as a closure condition in the model of Stern (1976).
Linden (1973) calculated this quantity and found A to vary from
0.2 to~ 2.0, with some indication of a decrease at lower salt fluxes.
I have estimated A by using a~T/h to approximate the temperature
gradient for each flux measurement. These unaveraged data have been
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plotted against stability

ratio for all experiments in Figure 6.

The

main experimental errors are associated with the uncertainty in h,
~ 1cm, which is comparable to the interface

of each experiment.

thickness near the beginning

This is probably the main contribution ..to the

scatter at low R. At larger R the data show less scatter and a gradual
decrease in A. The estimates of high A at low R come from the experiment of 3/16/77 which was affected by entrainment.
the interface thinner than appeared on the profiles,
been over-estimated.

This may have kept
and h may have

The slight downwardtrend of A with increasing R

is consistent with Linden's observation of a decrease in A with lower
fluxes because a high R corresponds to a small ~Sand thus a small
flux.

The values are in the same range as those reported by Linden,

although none were observed to be quite as low as he reported.

Perhaps

his smaller tank size was becoming a limiting factor on the fluxes in
the later stages of the experiments.

The variation in A with R is

slight and Linden's contention that A is an adequate criterion

for the

break-up of the fingers only when R ➔ 1 is not really supported; at any
rate a variation in the critical

amplitude of this non-dimensional

group with R is not inconsistent with the collective

instability

model.

The result that A is of order unity emphasizes that the magnitude of
the flux due to fingers is an order of magnitude larger than the conductive flux of heat, and more than three orders of magnitude greater
than the molecular diffusion of salt across the thin interfaces.
Perhaps the most important experimental result is the dependence
of the salt flux upon the salinity

difference ~S. Turner (1967)

argued that the flux should depend on the haline Rayleigh number and
become independent of the layer depths if the layers were deep enough.
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This suggests a salt flux that depends on the 4/3 power of the salinity
difference, SFs ~(S6S)413. Turner scaled his measured fluxes with the
11

"solid plane flux that would result if the salinity

difference were

imposed at a solid boundary, with the molecular diffusivity-of
providing the flux through the laminar boundary layer.

salt

The coefficient

of the 4/3 law derived from his data shows a roughly linear four-fold
decrease over the range of R of 2 to 10, with the largest fluxes realized
at low R.
Linden (1973) has reported on flux measurements with sugar and
heat and again uses the "solid plane" flux to normalize the finger
His data are comparable to Turner s but the dependence of the
"solid plane flux on (Ks)213 would imply that the factor of 3 differ-

fluxes.

1

11

ence between the diffusivities

of sugar and salt causes a factor of 2

difference between the actual density fluxes.

This seems unlikely,

since it is the diffusion of heat that is causing the salt flux, and a
more detailed model of a salt finger interface,

due to Stern (1976),

which emphasizes the role of the heat conduction, is to be preferred.
This gives a 4/3 power law with a coefficient dependent on (g KT)113;
that is SFs = C (g KT)113(S6S)413, and Stern has estimated an upper
bound for C for an equilibrium finger model subject to several constraints.
Before adopting either of the above 4/3-power laws to scale the
data, it seems prudent to examine howwell the 4/3 law applies.

This

can be seen in Figure 7, a log-log plot of the salt flux (SFs) against
the salinity

difference (S6S). The salt flux data show less scatter

and short-term variability

than the flux ratio data since the salt flux

is not as sensitive to the neglected terms in the flux estimation and
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requires no correction terms.
as large as 30.

Reliable estimates are available for R

Figure 7 shows excellent agreement with a 4/3 slope

over most of the range of data, and lends a great deal of credibility
to the 4/3 power law. Since Turner and Linden found the coefficient
the flux law to be a function of the stability

ratio,

of

R, specific tests

of the best fit slope of the regression of log SFs against log ~~Scan
be applied only over short intervals

in R. This has been done for all

data except that of 3/16/77, which was affected by entrainment.
correlation

coefficient,

regression coefficient

The

and the standard errors

are given in Table 3. The true number of degrees of freedom for these
estimates is probably somewhatless than the number of data points,
because data from any one experiment is highly correlated with itself.
But it is at least 6 (the number of experiments minus one) for the first
few groups and probably about 20 for R > 3.5.
of freedom, all correlation
level.

coefficients

The regression coefficients

Even with fewer degrees

are significant

at the 0.01

show excellent agreement with the

4/3 power-law. For R > 3.5, 96%of the variance in (log) SFs can be
attributed

to the 4/3 dependence on (log) S~S. This extremely good

agreement can be partially

ascribed to the very high haline Raleigh
numbers achieved in these experiments (Ras: 1013).
Given this strong evidence for a 4/3 power law, I have adopted
the scaling suggested by Stern (1976), and all salt fluxes were divided
by (g KT)113(s~s) 413. The plot of Casa function of R is contained in
Figure 8.

C shows a variation similar to that found by Turner and

Linden with the highest fluxes found at low R. C is close to 0.1 for
R < 2 in agreement with the theory of Stern (1976) and the data of
Turner (1967).

However, as R increases, the coefficient

shows less of
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a drop than is found in Turner 1 s data with C staying rather constant
at about 0.05 for R above 3.5, whereas Turner's data shows a nearly
linear drop with Rand would give a C of about 0.03 at R = 10. Linden's
data show a relatively

constant coefficient

for R > 6 that would

correspond to a C of about 0.04 if his data are scaled with the diffusivity of salt,

about 0.02 if the diffusitivity

any rate it appears that slightly

of sugar is used.

At

higher fluxes may have been achieved

in the later stages of these experiments, possibly due to the greater
depth of the mixed layers, and that the coefficient

of the power-law

becomes constant for R > 3.5 rather than decreasing linearly as Turner's
data would suggest or as (R)- 113 as Linden suggests. The average
I

values of Cover various ranges in R, have been computed and are contained in Table 4.
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5.

Cone1us ions
The three major results of these experiments can be summarized

by the following:
l.
stability

The flux ratio was found to vary both with time ,fnd the
ratio,

R; which is in contrast with the results of Turner

(1967) and Linden (1972) who both estimated a constant (but different)
flux ratio.

The time variations may be due to periodic adjustments in

the interface thickness (storage and release of heat in the interface)
and in the modal structure of the fingers, to changing R. Varying
initial

conditions seemed to cause about a 0.1 change in y.

trend was for high flux ratios to be realized (y

~

The general

0.6) for R less than

I

4, in agreement with Turner (1967) and the theory of Schmitt (1977),
and for low flux ratios to be found (y: 0.3) for R greater than 6,
closer to the data of Linden (1972) and the theory of Stern (1976).
(Also, the oceanic observations of Magnell (1976) support the higher flux
ratio at low R.)
2. The ratio of the salt flux to the product of viscosity and
local density gradient due to temperature, was found to be about one.
That is, SFs/vaTz: 1 with a slow decrease with increasing R. Thus,
the salt flux is an order of magnitude greater than the conductive heat
flux across the thin interface,

and three orders of magnitude greater

than the molecular diffusion of salt.
collective

instability

This relation supports the

model of Stern (1969), which provides a mechanism

for the regulation of the salt finger interface thickness.
3. The evidence for the dependence of the salt flux on the 4/3
power of the salinity

difference is very strong; the least squares

regression of log (SFs) against log (86S) agrees very well with a 4/3
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slope.

Thus, one can determine the salt flux from the relation

SFs = C • (g KT)l/

3
•

(S~S)413

•

C = 0.051 (within 5%) for R > 3.5 and

increases to near 0. 1 (within 15%) for R < 2.

This lends support to

the study of Lambert and Sturges (1976) who use this flux law to show
that the salt flux due to fingers is a dominant term in the salt budget
of the N.E. Caribbean Sea, and provides a good basis for future estimates
of the flux due to fingers in the ocean.
In addition, an asymmetrical entrainment effect was observed in
which the lower layer grew at the expense of the upper.

This effect is

thought to be due to the variation of the thermal expansion coefficient
with temperature.

It ts not knownwhether this could occur in the

ocean, where the temperature changes across the interfaces would be much
smaller, thus making the higher order terms in the equation of state
less important.

However, the observed upward migration of the inter-

face should be kept in mind in studies of thermo-haline layering caused
by salt fingers.
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Table Captions
Table 1.

Initial

Table 2.

The averaged values of the flux ratio in intervals

conditions of the experiments.

for the different

experiments.

in R

The bottom row contains the

average over experiments in each R interval,

standard

deviations are in parenthesis.
Table 3.

The number of points, correlation
coefficient

coefficient

and regression

with its standard error, for the regression of

~og (BFs) against log (86S).

The data of 3/16/77 were

excluded.
Table 4.

The average coefficient

of the 4/3 power law (C), obtained
by dividing BFs by (g KT)113 (B6S)413, for various ranges
in R.
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EXPERIMENTAL
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Initial Conditions

TABLEl
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58
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No. of
Data Points

'J
N

Averages

5/12

3/26

. 72 (. 06)
. 62 (. 14)

.69(.04)

.75(.04)

. 68 (. 15)

.47(.05)
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TABLE3
REGRESSION
OF log (SFs) AGAINST
log (S~S)
Range of R

No. of
Data Points

Correlation
Coefficient

Regression
Coefficient

Standard
Error

2-2.5
2.5-3.0

57
60

0.94
0.92

l. 37
l. 31

0.07
0.08

3.0-3.5

52
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l. 24

0.08

227
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l. 33

0.02

3.5

<

R

.097(.026)

.078( .006)

ALL Data

excluding
3/16/77

<2

.073( .009)

.076(.013)

2-2.5

.063( .009)

.064(.009)

2.5-3

.057( .007)

.058(.008)

3-3.5

Range

.054(.010)

4-5

.054( .007) .052(.009)

.055(.009)

3.5-4

of R

COEFFICIENT OF 4/3 POWERLAW

TABLE 4
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Figure Captions
Figure 1.

The temperature-conductivity

probe.

The offset thermistor

and electrode sampled undisturbed fluid on both up and
downprofiles.
Figure 2.

Sample profiles of conductivity,
78 minutes from the initiation

from 2/22/77, at 15 and
of the experiment.

The

layers are well mixed, and the interface grows from a few
cm. to almost 10 cm. in this time.
Figure 3a.

The flux ratio data of experiment 3/26/77.

Figure 3b.

The flux ratio of experiment 3/26/77 with 7-point running
average applied.

This increases the precision of the

measurement, but the uncertainty in the accuracy, largely
due to the tank-sidewall heat losses, remains the same
(error bars at the side).
Figure 4.

All flux ratio data, with running averages applied.
incoherence of the short term variability
deal of scatter

Figure 5.

Figure 6.

The

gives a great

to the data.

The averaged flux ratios from Table 2. The range of R is
indicated.

The solid curve represents the flux ratio of

the fastest

growing fingers (Schmitt 1977).

The salt density flux scaled with the viscosity times the
local density gradient due to temperature, A= ~F5 /vaT2 •
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Figure 7.

A log-log plot of SFs against StS. The line represents
SFs = 0.05 (g KT)l/3 (StS) 413, appropriate for R > 3.5
(roughly the lower half of the data). The upper portion
of the data appears to have a greater slope,-this
because R changes, and thus the coefficient
law.

For each regression,

is

of the power

only data within a certain

range of R were used.
Figure 8.

C, the coefficient

of the 4/3 power law, obtained by
dividing SFs by {g KT)l/3(sts) 4/ 3.
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ABSTRACT
The effects of rotation on a salt-fingering
mixed layers are studied experimentally.

interface between two

It is found that rotation

causes an interface to thicken more rapidly than it does in the corresponding non-rotating experiment.
the

collective

instability

include the Coriolis effect,
derived.

Rotation stabilizes

In order to interpret

model of Stern (1969, 1975) is extended to
and the neutral stability

condition is

the fingers, with the degree of stabiliza-

tion dependent on the wavenumberof the perturbation.
I

this result,

By assuming

equal fluxes in the rotating and non-rotating experiments, the interface
thickness data are found to be consistent with the extended collective
instability

model.
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1.

Introduction
Convection is possible in a stably stratified

distribution
over-all

fluid when the

of either heat or salt is gravitationally

stability

unstable and the

is maintained by a stable distribution

component. Whenthe salinity

gradient is destabilizing,

of the other
characteristically

long, narrow cells are generated, which are called salt fingers (Stern,
1960).

Heat diffuses 100 times faster than dissolved salts in water, and

the fingers are driven by the faster lateral
from one finger to the next.

This allows the release of the potential

energy stored in the salt gradient,
flux.

diffusion of heat than salt

resulting

in a net downwarddensity

Fingers tan also be formed using solutes of only slightly

diffusivities,

such as sugar and salt,

different

in which case the diffusion coeffic-

ient of salt is only a factor of three greater than the diffusion
coefficient

of sugar (Stern and Turner, 1969; Shirtcliffe

and Turner, 1970;

Lambert and Demenkow,1972).
Fingers can have a rather large vertical
a region of uniform vertical

gradients.

limited to thin, strongly stratified

extent, reaching throughout

However, fingers can also be

interfaces

and can co-exist

with

turbulent mixed regions above and below (Turner, 1967; Turner and Chen,
1974).

Stern and Turner (1969) were able to initiate

and interfaces

a series of layers

by imposing an excess flux of the slower diffusing sub-

stance (S) on a stable uniform gradient of the faster diffusing substance
(T).

Such laboratory experiments have led many investigators

to identify

salt fingering as the driving mechanismfor the maintenance of the
"thermohaline staircase"

observed beneath the intrusion of warm, salty

Mediterranean water in the colder, fresher Atlantic (Tait and Howe, 1968).
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Williams (1975) has observed optical images of salt fingers on such
stratified

interfaces

in the ocean, adding evidence for this hypothesis.

Lambert and Sturges (1977) have shown that fingering at interfaces

trans-

ports enough salt to be important in the large scale salt budget of the
mainthermoclinein

the northeast Caribbean Sea.

A layer-interface

system in the laboratory is fairly

apparently in a quasi-steady state.
finger interface

long lasting,

The net denisty flux through the

drives the convection in the larger layers; this in turn

appears to limit the vertical

extent of the fingers,

which are swept

away by, and contribute to, the convective elements in the mixed layer.
The only theory which treats

a mechanism by which salt fingers may

contribute to a larger scale motion is the collective

instability

model

of Stern (1969, 1975).
Stern (1975) examined the stability

of a field of fingers when

perturbed by a large scale internal wave (wavelength
produces convergence of the net density flux.
produced can cause the wave perturbation

>

finger width) that

Density anomalies so

to grow if the net density flux

exceeds the mean density gradient scaled in terms of the kinematic viscosity:
SF

s -aF T
>

where S Fs'

a. FT are

the magnitudes of the density fluxes due to

and "T", respectively,

(35

2

,

a.f

2

the form appropriate for heat-salt

11

fingers:

S Fs

Va.Tz

11

S

are their separate contributions

density gradient and vis the kinematic viscosity.

the salinity

( 1. 1)

1'

to the

Stern (1969) derived
>

2.

He neglected

gradient and assumed a constant flux ratio (suggested by the
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results of Turner, 1967).

Linden (1973) was able to showapproximate

agreement with this relation for laboratory measurements using a heatsolute system, but found the ratio to be a function of 66S/ a6T, where
6~ S, a6T are the density differences due to the Sand T changes across
the interface

(Stern, 1976).

Lambert and Demenkow(1972) found that

the non-dimensional group of (1 .1) was a constant, but the critical
was much smaller than one for sugar-salt
true

as

fingers.

number

Whether this remains

1 is uncertain, but we expect the physics of the

phenomenonto remain valid even if the numerical value of the nondimensional group (1.1) is some function of 66S/a6T and KT/Ks·
To further' explore the properties of fingering interfaces we have performed some simple experiments with sugar-salt

fingers on a rotating table.

The results of these experiments are related to the collective

instability

model by extending the analysis of Stern (1975) to include the Coriolis
effect.

The rotational

constraint

removes a degeneracy in that the two

horizontal component equations are no longer decoupled and a dependency
,.on the wavenumberof the instability

is found.

Wepresent the observations in section 2 and the analysis in section
3.

In section 4 we attempt to interpret

the experiments in terms of

the model. Wefeel that the observations are interesting

in their own

right, but also provide support for the collective

instability

which has been incorporated in several theoretical

studies of salt

fingers (Lambert and Demenkow,1972; Stern, 1976).

mechanism,
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2.

The Experiments.
Salt fingers on an interface were generated in a "Plexiglas" tank

(26.9 cm x 10.3 cm x 24.7 cm deep) by introducing a 12 cm layer of sugar
solution over a 12 cm layer of slightly

denser salt solution.

The thick-

ness of the finger interface slowly increased with time as the solutes
were transported across the interface,

decreasing the concentration differ-

ences between the upper and lower reservoirs.

The interface thickness

was made visible by a horizontal shadowgraph technique (Shirtcliffe

and

Turner, 1970). The shadowgraphs were photographed by a motor-driven
camera mounted on the rotating table, and the growth of the interface was.
measured from the photographs (see Plate I).
The solutions were prepared from distilled,

degassed water, with the
initial densities measured with a hydrometer accurate to ~0.0005 g/cm3 .
The initial density of the salt solution wasp= l .100 g/cm3 for all
experiments.

The initial

was the rotation rate;

density of the sugar solution was varied, as
the conditions of the several experiments are

listed in Table I.
In the rotating experiments, the salt water was spun-up before the
sugar solution was introduced from a tank on the table, to avoid mixing
of the two solutions during spin-up.

The table was carefully leveled

so that its axis was within a minute of the vertical,
effects.

The rotational

to avoid "tidal

period was measured by an electronic

counter

connected to a micro-switch on the table.
Photographs were taken at regular intervals
the initiation

(15 or 30 min.) after

of the pouring of the sugar solution.

photographs are shown in Plate I.

Samples of the

The major difference between the

11
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rotating and non-rotating experiments is the thickness of the interface.
For the same initial

conditons the rotating finger interface

than the stationary one at the same elapsed time.
face thickness his

shown quantitatively

is thicker

The change in inter-

in Figures 1 and 2 where h has

been plotted as a function of time for both sets of experiments.
interfaces
interfaces,

are consistently

found to be thicker than non-rotating

with an increasing rotation rate showing a larger change in

h (Figure l).
fingers in

Rotating

There is also somewhatless vertical

alignment of the

the rotating case with fingers sometimes appearing to twist

about one another, especially near the edges of the finger interface.
I

It is possible to interpret
collective
- , SS
aT
2

2

the increase in h in terms of the

instability relation.
By approximateing the gradients
as~ atT
h' StS
h' where atT, BtS are the density increments- across

the interface due to 11T11 and 11S11 , we may write the instability
(1.1)

in finite

condition

difference form:
(SFs - aFt) h
v (atT - StS)

One interpretation

>

(l).

(2.1).

is that if this relation remains close to an equality,

the interface may be considered self limiting;

that is, an increase in h

would cause the fingers to become unstable, the resulting
thinning the interface back to marginal stability.

turbulence then

Wemay thus interpret

the thicker finger interface under rotation as being due to a stabilizing
effect of the rotation.

Wewill later show that the quantity on the right

of eq. 2.1 increases when rotation is added to the ·collective
model, thus allowing larger values of hat marginal stability.

instability
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Solute concentrations were not measured during the experiments,
which would be required for a complete comparison of the rotating and
non-rotating regimes, but for one pair of experiments the index of refraction of the upper layer was checked at the end of the runs and
found to be the same in the rotating and non-rotating cases.

Wemight

expect that the fluxes of sugar and salt should be nearly the same in
both cases because the flux depends primarily on ·(s6S) 4/ 3 ; and assuming
equal fluxes allows us to make at least a first
theory and experiment.
stabilizing

order comparison between

Under this assumption a good measure of the

effect of rotation is the ratio of the height of the rotating

interface to t~e height of the non-rotating interface,

h /h .
r o
A mean value of hr /h o was estimated for each rotating experiment
by averaging the values of hr /h o calculated from the h(t) data
(Figures 1, 2) at equivalent elapsed times in the rotating and non-rotating
runs.

(In exp. A3, where the photographs were not taken at the same

intervals as the non-rotating experiment, a linear fit to the h (t) data
0 --

hr /h o
is included in Table I, along with the standard deviation about the

provided the reference values of h at the appropriate times.)
0

mean, and plotted versus the Coriolis parameter in Figure 3.

Also

included are curves derived from the analysis of the next section.
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3.

Co11ective Instability

of Rotating Salt Fingers.

In order to further refine and test the idea that the interface
thickness is limited by the collective

instabi1ity

mechanism (eq. l .l)

we have extended the model of Stern (1969, 1975) to include rotation.
Rotation will not affect the purely vertical
fingers themselves.

ve1ocities within the

For small deviations from the vertical,

it is

appropriate to use the same model of the finger motion as is used in
the non-rotating problem; the effects of rotation appear only in the
dynamics of the destabilizing

perturbation.

Wewill follow the notation of Stern (1975) (hereafter

referred to

as II) and work in Cartesian coordinates (x,y,z) and not in the tilted
system of the wave perturbation
to as I).

as in Stern (1969) (hereafter

referred

The undisturbed field of fingers is in hydrostatic

equilibrium, the motion is entirely
ture, salinity,

vertical,

and the fields of tempera-

and velocity are given by:
T - T0

=

s

=

so

\~ =

"V21r

.Q,

=

. z + T'
sz z + S'

fz

W' sin

sin

.Q,x

sin

'LY

sin

'1,X

sin

.Q,y

( 3. 1 )

.Q,X Sin .Q,y

[~ -~i

"\/ZTT ( SSz
Ks

(3.2)

r¼

is the horizontal half width of the square fingers, fz, Sz are the
horizontally

averaged vertical

gradients of T and S, and the equation of

state is assumed linear,
p= p

0

(1 - a (T - T )
0

+ B( S - S ) ) .
0

(3.3)
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a and Sare the density expansion coefficients
respectively,

for changes in T and S

and p0 is the density at T0 , S0 . The relations

satisfy the finite
in the vertical

2.1-3.3

-amplitude Boussinesq equations in a fluid unbounded

and are derived in Lambert and Demenkow
(1972) and

Huppert and Manins (1973).

The time dependent form is considered in II.

Consider the field of fingers to be perturbed by a large scale wave,
The molecular diffusion of T
with wavelength ~;r , such that 2; > 2;.
and Smay be neglected on this scale, and we parameterize the transports
of_heat and salt by their averaged finger-fluxes:

(3.4)

Using the expansion coefficients

of eq. 3.3 it is possible to define a net

density flux (SF~ - aFt) and examine its effects on the density perturba•

tion due to the wave, (pm). The equation for the conservation of density
is written as (Eq. 11.3.2 of II)

In the undisturbed equilibrium model the fluxes would be non-divergent,
but we expect that the disturbing wave will produce flux convergence and
so we must examine the behavior of the fluxes when acted upon by the
infinitesimal

perturbation velocity V.
m

The flux magnitudes will be

regarded as constant in time; only the change in their directions will be
A

considered.

The density flux is given by (SFs - aFt) = -(SFs -aFt)

l;;

A

1t1herel;; (t) is the unit vector aligned with the velocity in the salt
A

finger cells,

and ( SFs - aFt) is the density flux magnitude.

t; ( t)

is

(t)
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A

initially

vertical

(s(O) = (0,0,l))

and is tilted

from the vertical

by

A

the shear of the wave. The horizontal components of s(t) grow at a rate
proportional to the shear of the wave but the vertical

component

decreases at a rate that is quadratic in the wave shear.

Keeping only
A

the lowest order terms, we may write the time derivative of ~(t) as:
as ~ aum ,..
1 + ~
(3.6)
3t
dz
dz j
A

-

A

A
A

A

where (u•i
m , V·J·
m'

A

Wm • k)

= vm The divergence

as
at

is then

0f -

A

a2wm
~ =
'v • as = a ~ + a
ay az
at
az2
ax az
by continuity of the perturbation velocity field ('v • Vm= 0).

(3. 7)

The above

relation may be used in the time derivative of 3.5 to obtain:
a2wm
-1 a
- (-a + V •'v )
po at at __B}_
a z2 •
Whenlinearized,

this becomes
(3.8)

[equation 11.3.5 of II].
The equations of motion for the perturbation are the linearized
Boussinesq equations in a rotating coordinate system:

L ~
(at

v'v 2)v

m

+

fk x

k om
po

(3.9)

V = -'vm - 9
m
•m

where f= 2w is the Coriolis parameter and viscosity is retained as the
dissipative

mechanism for the wave. ¢m represents the pressure perturba-

tion due to the wave
z

¢ = p
m p o

l

po

J

i,TzT gdz -

0

r2w2
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Themomentumequations for Vm should contain Reynolds stress terms
due to the vertical

motion in the smaller scale fingers but we will

neglect these as being small compared to the buoyancy and viscous stresses.
This was justified

in I by an estimate of the salt finger Reynolds number

of order 1.
The component equations are:

- vv2)v + fu = - a¢m
m
..m
ay

(L

at
a

(-

at

2

- VV ) V

m

a¢m

= - -

az

-

p fu

g Po

These may be combined with the continuity relation

When3.8 is used to eliminate

where v~

2

(f 2- a

at2

-

g (SF

s

-aF)

t

a2w~
az

to yield

p~

= 0

•

we obtain

(3.11)

This is a complete linear equation for wrn.
Wecan now examine the plane wave solutions to 3.11 appropriate for
an unbounded fluid.

There is no loss of generality if we orient the wave

(phase vector completely in the x-z plane.
w :::: exp (11t +
m

The solutions take the form

iq (sine • x + case • z))

(3.12)
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where n is the complex growth rate,

q

27T

is the wavelength, and

angle between the wave vector and the vertical.

By substituting

e is

the

3. 12 into

3.11 we find that the growth rate must satisfy the quartic relation:
- + BS
- ) sin 2ea+
(a+ vq2 ) [ (a+ vq22)a + g(aT
z
z
• 2e cos2e q2 ]
g(SFs -aFt) s,n

+ f 2cos 2ea 2 =

o.

(3.13)

Wewish to determine the conditions for neutral stability,

when the

real part of

n is

(frequency),

a= iQ', into 3.13 yields two equations in a•.

zero.

a•4 - (g (-aT2

Substituting a pure imaginary growth rate

2 f 2cos 2e + v24
SS2 ) sine+
q )a 1 2 +

-

(3.14 (R))

2
-2vq2n•3 + [vq2g(aTz -BS)
z sin e+
2
q2g(BFs -aFt) sin 2e cos eJ
The non-trivial
• 29
a• 2= ~(g(af

2

Q' =

O

root of 3.14 (I) is
2
-BS ) + g (BFs - aFt) cos e)
z

z

4

(3.15)

V

Insertion of this expression in 3.14 (R) yields a relationship
be satisfied
. 2e
sin

(3.14 (I))

which must

at the point of neutral stability:
(g(aTZ - BS)
Z

+ V~ (SFS - aFt)

2 2
cos e)

(3.16)
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This same expression can also be obtained by requiring that, for the
roots

a=

in' {given by 3.15), the expres~ion

(n2 + ~
+ {g(aTZ -BS)+
~(BFS - aFt) cosfe))
C.
Z
V
be a factor of equation 3.13.

That is, performing the polynomial division

and setting the remainder equal to zero yields 3.16.
Besides the appearance of the Coriol1s parameter, there is a major
difference between the relation 3.16 and that of Stern (I and II); the
criterion

for the instability

of rotating salt fingers is dependent on the

wavenumberof the perturbation,

whereas the non-rotating criterion

is

independent of wavenumber. Wealso find that there is a different
I

dependence on e .
To investigate the relation

3.16 we cast it in a non-dimensional form,

using the following substitutions:
F = ( BFs -a Ft )

v(af

z -BSz )

p =

f

Q=

(------t

X

q

v2

1/4

= cos 28.

Wecan then express 3. 16 as a quadratic in F,
3

2

·(x2 - x )F + 2X(Q 4 - PX)F + X(1 - 2P)- 2Q4 - 1 = 0.

(3.17)
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Fis the ratio of density flux to density gradient (scaled with the
viscosity) which appeared in the non-rotating stability
square of the ratio of inertial

problem; Pis the

frequency to Brunt-Vaisala frequency (N);

Q is the dimensionless wavenumbermagnitude; and X contains the dependence
on the angle of inclination

of the wavenumbervector to the vertical.

I and II it was found that F = x-l, giving a minimumcritical
F = l when 0+0.

constraints

flux of

This means that the wave vector is vertical

is a steady horizontal drift as n + O(n2 = N2sin 2e, 6+0).

In

and there

Weexpect some

on such motion in the rotating frame, however, and we must

investigate

the two roots of 3.17.
F = PX - Q4 : [(Q4 + 2 X2(P 1)

+

These are given by:
2 + 2X(P -Q
PQ
(X _ x2)
4

4

1)

-

-

1)]

l/ 2
(3.18)

Examining 3.18 when P = 0 (no rotation), we find that the "negative" root
4
This is physically
yields a negative quantity, F = - 2o - ~l - X)
(X - X )

impossible for the salt finger case, since energetics require that
(SFs - aFt) > 0 and (af 2 - 652 ) = ~: 0 2 > 0 for gravitational stability.
The posit i ve root, however, does reduce to F = x-1 as ·in I, I I; thus

f

II

11

all further work is done with this root.

Wealso require that F be real,

or that the quantity B, given by
B = (Q4 + 1) 2 + x2(P - 1) 2 + 2X(P - Q4 - PQ4 - l)
be non-negative. Since l~X~O, P~O, Q4>0 this is always satisfied;
minimumvalue of Bis zero when P = Q4 = X = l.
4
Wecan now compute F = PX - g /
parameters.

112
B
for different

the

values of the

X- X

In Figure 4(a,b) Fis plotted versus X for various P and Q.

F has a minimumwith respect to X at some value of X>l for all P>O. We
also note that for large values of the wavenumber(Q4>P), the effects of
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rotation become negligible;
non-rotating fingers,

the curves approach F =

x-1 appropriate

for

and the least stable flux occurs at values of X

closer to 1 (smaller angles from the vertical).
Since the analysis assumed only infinitesimal

perturbation amplitudes,

waves to grow (and potentially

we expect that the first

11

11

dominate the

fully developed turbulent regime) wil_l be those with the lowest value of
the critical

flux.

F can be minimized with respect to X by solving~~=

dF = (X - x
dX
2

(P + l/2(s- 12
1

)

)B')

-

0.

.
4
1/2
(l - 2X) ( PX
-Q + B
) = 0 ( 3. 19)

(X - X2)2

where 8 1 = ~~ =, 2X(P -1 ) 2 + 2(P - Q4 - PQ4 - 1).

The root of 3.19 (desig-

nated by X min) was found numerically, using an iterative
various P, Q. The minimumcritical

technique, for

flux is then plotted versus wavenumber

rates (P), in Figure 5. As in Figure 4~ it is

(Q) for several rotation

apparent that for large enough wavenumber(Q4 >P) rotation has only a
slight stabilizing

effect.

The value of Xminapproaches l in this limit,

and setting X = 1 in equation 3.17 allows us to write
g + f2
2 4 _ f2
V q

\J

2 4

(3.20)

F* is an approximate form of the neutral curve valid for dimensional wave. of F*
numbers greater than an Ekman wavenumber(-f/v) 112 . The relation
11

to Fis

shown in Figure 6.

11

This approximation is helpful to the understand-

ing of the problem. Small-scale waves will be only slightly
rotation because of large viscous stresses.
perturbations

affected by

Larger size (small q)

are less affected by viscosity because of their lower shears

and so feel the stabilizing

effects of rotation.

A laminar "Ekmandepth"
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2TI(v/f)112 , is the appropriate length scale that distinguishes

between a

large or small stabilization

due to Coriolis accelerations.
Since the lowest critical flux is found for Q4 > P, we might expect

small scale instabilities

to dominate the breakdown process.

limit on the smallness of the disturbances,
finger width.

There is a

however, imposed by the salt

That is, the theory is not expected to apply whenqexceeds

£, the finger wavenumber. This limit is expressed as

q

C

1/4

=[~
(
V

SSz
K

s

_

a::
)] '

or in terms of the dimensionless wavenumber

1__] 1/ 4
K__
t _s_s_z
___
Ks a.fz
[-

1- S~:z
a.Tz

The second factor on the right is generally of order unity so we expect
the upper limit on the dimensionless wavenumberto be the 1/4 root of the
Prandtl number for heat-salt
for sugar-salt

fingers.

fingers,

the 1/4 root of the Schmidt number

Wedo not expect the theory to hold for

dimensionless wavenumbersgreater
than QC .
.
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4. Discussion
The analysis of the preceding section may be related to the experimental results in the following manner. Using a finite-difference
approxima(Fs - Ft)r hr
tion to the collective instability condition, F ~ v(CLL'lT
-86S)r
for the
condition in a rotating system, and using 2.1 for the non-rotating system,
we may write
hr~ (6Fs - .aFt)o (a. 6T - 86S)r.
h0

F(P, Q).

( 4. l )

(BFs - aFt)r ( atiT - BtiS)0

Since we have assumed the fluxes to be unchanged by rotation for equal
initial

values of atiT, 86S, this reduces to
hr

h

~

F(P,Q).

(4.2)

0

Direct measurements of the density difference across the interface
were not made. Wecan, however, make rough estimates for R for the case
of 86S : 0.090, using data from Lambert and Demenkow(1972). A finite
f2hr
difference estimate can be expressed as P ~- g(a 6T
_ 865) . (a~T -86S)
increases rather slowly compared to the increases in hr' so P varies nearly
as much as hr during the course of an experiment.

Using hr/h 0 to approxi-

mate F and the density data of Lambert and Demenkow
(1972)to calculate P,
·we can find a value of Q, the nondimensional wavenumberof the instability,
that satisfies

hr/h 0

estimate of hr/h 0 •

= F(P,Q)

(equ. 3. 18(+) with X = Xmin) for each

The value of Q is also found to vary from beginning

to end of each experiment.

P varies from 0.08 to 1.3, Q from 0.9 to 1.8

with Q alway.;greater than P. The ranges of these estimates for P and Q
are included in Table 2.
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Since Q4

F*

P we can apply the approximation (equ. 3.20) hr/hr

>

=

v2g + f2
, in which the stratification
no longer appears, and calculate
v2q4 - f 2
the dimensional wavenumberq for each experiment. In constrast to the
variation of P and Q, q remains relatively

constant for each run and changes

little

Averaged values of q and the

between the different

experiments.

standard deviations are included in Table 2.
all experiments is

q = 20.4

The mean of the data from

q + standard deviation are shown in relation
3.
The significance
I

q

± l .6 cm-1 . Curves of equ. 3.20 using

and

to the hr/ho data in Figure

of this constant wavenumberis not clear, but some

speculation is possible.

Recall that in the approximation of equ. 3.20,
e ~ O; that is q is directed vertically, we might interpret ( 2;) as a
vertical

distance over which the collective

Assuming the interior

of a finger interface

instability

to be marginally stable and

the edges, where the breakdown occurs, to be critical
critical

with respect to collective

mechanism acts.

instability,

or slightly

super-

then the vertical

length

scale of 3.1 mm(which is less than an Ekmanthickness and greater than
the finger width, app. l mm)may correspond to the thickness of the edge
transition

zones.

The thickness of these transition

zones, where the salt

fingers give way to convective turbulence, certainly

appears to be of this

order in the photographs (see Plate II).
'

This interpretation

is only meant as speculation,

this linear theory to the highly supercritical

the application

conditions of these two-

layer run-down experiments cannot be rigorously justified.
estimated wavelength of instability

of

Also the

is uncomfortably close to the finger
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width, and diffusion effects neglected in the model might be important
on this scale.
qualitatively

Wedo feel,

however, that the data are at least

consistent with the collective

At any rate,

instability

model.

it is not clear how one could otherwise explain the

observed increase in interface

thickness in these strongly rotating exf2H4
periments. The Taylor number(~
, a measure of the relative effects
of rotation and viscosity, is of order 108 , and the Rossby number (~H)'
the ratio of inertial

to rotational

convection velocities

(a few mm/sec) in the mixed layers are used.

might have expected the inhibition
conditions,

effects,

is less than one when typical
One

of finger convection under these

because rotation delays the onset of convection in the rotating

Rayleigh problem (Chandrasekhar, 1961) and also inhibits
finger modes in the linear stability

analysis of Perlestein

these experiments were highly supercritical

the growth of
(1976).

But

with respect to the formation

of salt fingers and the fingers were removed from solid horizontal
boundaries which are probably essential
rotation in the above-mentioned studies.
thickness is internally

to the inhibiting

effects of

Our view is that the interface

controlled and independent of the mixed layer

depths; this is also supported by the experiments of Demenkow(1973).
The collective

instability

model is the only available model which addresses

the problem of the finger interface
model yields results

thickness.

Including rotation

consistent with those observed experimentally.

in the
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5.

Summaryand Conclusions
Wehave demonstrated in laboratory experiments with two-layer, sugar-

salt fingers,

that the effect of rotation on a fingering interface
1

cause it to thicken more rapidly than it does in an inertial
reference.

a stabilization

These results

are interpreted

of the fingers by the rotation,

an extension of the collective
a rotating frame.

instability

The added constraint

of the wavenumberof the instability

and are consistent with

model of Stern (1969, 1975) to
of rotation allows the calculation

when the interface

number, which is found to remain relati~ely
three rotation

rates and two different

as corresponding to a vertical
mechanismacts.

thickness data is
This wave-

constamt (within 10%) for

stratifications,

is interpreted

length scale over which the collective
The length scale compares well with the thick-

ness of the observed transition
in the interior

appears

as being due to

used in an expression (eq. 3.20) derived from the theory.

instability

frame of

Also, the degree of order in the horizontal structure

to be reduced by rotation.

is to

regions between the laminar salt fingers

of the interface and the fully developed turbulence in

the mixed layers above and below. The lower degree of order among the
fingers may be a consequence of the spiral velocity structure
inertia-gravity

wave perturbations

experiments do not prove the validity
they are at least qualitatively

of the

examined in the model. While these
of the collective

instability

theory,

consistent with the model and increase our

confidence in its use in salt finger flux models.

(Stern, 1976).
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FIGURECAPTIONS
Table 1.

Initial

denisty conditions and angular velocities

the experiments.
the interfacial

~f rotation for

hr /h o is the average value of the ratio of
thicknesses in the rotating experiments to

the non-rotating experiment with the same initial

a6T, StS.

n is the number of photograph pairs (h , h ) used in forming
r o
the average.
Table 2.

The estimated ranges of P and Q for the experiments.

No density

data were available for Cl, C2 and thus no estimate of P could
be made. q is the average of the values of q calculated from.
eqn. 3.20 for each h /h datum. The viscosity was taken to be
r o
2
v = l .53 x 10- cm2sec-l for S6S = 0.09, v = l .58 x l0- 2cm2
sec-l for 66 S
Plate 1.

= 0.095.

Photographs of the fingering interface
atT

= 0.10, 66S = 0.09, top-nonrotating,

equal times into each experiment.

vertical

bottom-rotating,

The rotating

thicker than the nonrotating interface

Plate 2.

for experiments with

interface

at
is

and the fingers show less

alignment.

Photograph of the rotating

interface with the lengthscale

obtained from the theory (3.1 mm)compared with the thickness
of the edge transition

regions.

Figure l. h, the thickness of the fingering interface,
photographs taken at regular intervals
experiments with initial

in two-layer sugar-salt

conditions a6T0

and various angular velocities.

as measured from

-

0.10, stS 0

= 0.09

The uncertainty in his

:o.5 mm.

112

Figure 2. has a function of time with initial
86S - 0.095.

conditions a6T

The uncertainty is his

Figure 3. The hr/h 0 data vs. Coriolis parameter.
F* with q

=

0.10,

±0.5 mm.
A curve representing

= 20.4 cm-l is also shown. The dotted curves were

calculated at q = q
Figure 4a. F vs. X for P
F

0

~

the standard deviation.

= 1 and various Q. The nonrotating case (P=0),

= x-l is also shown. The value of X at the minimumof F

approaches l as Q increases.
Figure 4b. F vs. X for Q = o and various P.
. , the root of
Figure 5. Fas a function of Q for various P and X = Xmm
dF/dX = 0.
Figure 6. The relation

Q = p¼

of F* to F. The vertical

lines indicate where

and the dimensional wavenumberq is equal to (v/f) 112.
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TABLEl
w(sec- 1)

hr
ho

n

wH0

8liS0

Bl

0.100

0.090

0

B2

0. 100

0.090

0.707

l.14!0.06

17

A3

0.100

0.090

0.966

l. 302:0.05

13

B3

0.100

0.090

l. 382

l.35±0.07

17

Cl

0.100

0.095

0

0.100

0.095

l. 381

1.39±0.08

19

Experiment

C2

I
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TABLE2
....

Experiment

f(sec -1 )

B2

1.414

l. 14

0.08-0.34

l. 0-1 . 5

19.6!1 .8

A3

l.932

l. 30

0.11-0.64

0. 9- l. 5

+
18.8-0.8

B3

2.763

l. 35

0.29-1.30

l . 2- l . 8

+
21.7-0.9

C2

2.763

l. 39

p

Q

-1
q(cm
)

20.9:0.9
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w=O

1

h = 2.5 cm

l

a~T

/3~5

= 0.10
= 0.09

600

-I

w = 1.38 sec

h = 3.3 cm

1

min.
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aflT = 0.10

{3LlS=0.09

600 min.

w = 1.38 sec-I

l
i
21rq- 1 = 0.31 cm

l
T
Plate 2
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APPENDIX
I:

THECONDUCTIVITY
PROBE
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1.

Description of probe
The conductivity probe is a single platininum electrode,

mounted at the end of thin glass rod adjacent to a thermistor bead
(see Figure 1).

The conductivity of the solution within about 10

radii of the probe is monitored by measuring the ACcurrent through
the probe to a large grounding strip located some distance away in the
tank.

The probe is driven by a 60 kHz oscillator

which has a very stable

amplitude (though the frequency does change with increased loading).
The current through a coil in the probe circuit
input transformer of the amplifier.

is monitored by the

This 60 kHz signal is then demodul-

ated with a square wave also put out by the oscillator.

The DC

component of the signal is then amplified; giving an output proportion~
al to the conductivity of the fluid.
The probe tip was not platinized;

platinization

better performance and the susceptibility

seemed to give no

of the platinum black

to drying out and flaking off the probe was a distinct

disadvantage.

It was extremely important to use quality components throughout the
electronics, temperature-stable

capacitors and resistors

contribute much

to the success of the probe.
The range of the probe is limited by the current output of the
oscillator,

limited to about 10-15 ma. This means the resistance

the water-probe circuit
output of the oscillator.

of

should be at least 150 ohms.for the 1 .5 volt
The present probe, with a cell constant of

about 3 cm-l, is limited to conductivities

of less than 15-20 mmhos/cm.
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Higher conductivities

can be measured by using a smaller probe

tip to give a higher cell constant.

Another method is to use taps

on the output coil of the transformer at 4 turns and 2 turns to give
voltages of 0.75 and 0.4, which allows lower resistances
conductivities)

(higher

to be monitored with the same probe.

The probe must be shiel.ded with coax cable almost to the tip.
The capacitance of the cable, etc. is zeroed out with the trimpot that
grounds the other side of the input coil to the amplifier.
the phase shift introduced by the capacitance.
point may occur as the electronics
fluid being studied.
starting,
sensitivity

Somedrift

It offsets
in the zero

adjust to the load presented in the

This is corrected by re-zeroing 10 min. after

by holding the probe just above the salt water.

The

can be increased by changing the gain of either of the

715 op-amps. Too much change in the first

amplifier will, however,

introduce phase shifts between the input signal and the square wave;
it is best to change the 33 K feedback resistor

of the DCamplifier.
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2.

Circuit specifications
All resistances

in ohms, capacitances in µf, unless

otherwise specified.
Oscillator

- Figure 2

Inductor Ll- Core Ferroxcube 2616-a250-3B7 100 turns #24 magnet
wire- 2.5 mh.
Transformer Tl- Core Ferroxcube 2616-L00-3B7#22 magnet wire
woundas in schematic.
Amplifier and Demodulator- Figure 3.
Transformer T2- Core Ferroxcube 2616-A250-3B7
#30 magnet wire wound as in schematic.
Power Supply- + 15 volts at 100 ma. (Analog Devices Inc. model 902)
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Figure Captions
Figure l - The conductivity-temperature

probe.

-

The offset of the probe

tip allowed undisturbed fluid to be sampled on both up and
down movementof the probe.
Figure 2 - 60kHz constant amplitude oscillator.
Figure 3 - Amplifier and Demodulator. The DCoutput is proportional to
the conductivity of the fluid.
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List of Notation·
Symbol

a FT,

A

Collective instability

C

Coefficient of 4/3 power law.

f

Coriolis parameter.

F

Collective instability

sFs

Density fluxes due to heat and salt.

g

Gravitational

G

Non-dimensional growth rate of finger amptitudes.

h

Interface thickness.

H

Mixed layer depth.

KT' KS
Q,'

Definition

Diffusivity

ratio.

ratio affected by rotation.

acceleration.

of heat, salt.

m

Finger wavenumber.

M

Non-dimensional finger wavenumber.

N

Brunt-Va1sala frequency.
Rotational parameter (f 2;N2 ).

p

q' ( Q)

II.

II

II

Wavenumberof perturbing wave (non-dimensional).

R

Stability

s

Salinity or slower diffusing substance.

T

Temperature or faster diffusing substance.

um' Vm' wm
w, (W)
X

ratio.

Cartesian velocity components of perturbing wave.
Vertical velocity of fingers (non-dimensional).
Angle parameter (Cos2 Q).
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Greek Symbols

Definition

a

Coefficient of thermal expansion.

B

Coefficient of haline contraction.

y

Heat/salt density flux ratio.

6

Change in a property across an interface.

s

Unit direction vector of density flux.

0

Angle of wave phase vector from the vertical.

A

Growthrate of finger amplitudes.

V

Kinematic viscosity.

p

Density.

a

Prandtl number (v/KT).

T

Diffusivity

ratio (Lewis number, KT/Ks).

Pressure perturbation of destabilizing

wave.

w

Angular rotation rate.

n

Complexgrowth rate of perturbing wave.

Mathematical Operators
2

V

Laplacian
Horizontal Laplacian.
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